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Earlier, we had presented [3] heuristic arguments to show that a natural unification of the ideas of 
the quantum theory and those underlying the general principle of relativity is achievable by way of 
the measure theory and the theory of dynamical systems. Here, in Part I, we provide the complete 
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quantum indeterminacy are also shown to arise in it. Part II provides its mathematical foundations. 
One experimental test is also discussed before concluding remarks. 
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The organization of this paper is such that phys- 
ical foundations of the proposed Universal Theory 
of Relativity are to be found in § I, its mathemat- 
ical foundations in § II, one experimental test in 
§ III and concluding remarks in § IV. 

In § I A, we discuss the general background for 
the present considerations. It should help distin- 
guish the proposed Universal Theory of Relativity 
from various other theories, including, Quantum 
Geometry [1] and String Theory [2]. 

In § I B, we discuss the physical basis of some of 
the newtonian concepts, in particular, inertia and 
force. In this discussion, we mainly stress that the 
Galilean concept of the inertia of a material body 
is, undoubtedly, more fundamental, more general, 
than the newtonian concept of force. Therefore, 
we may expect the concept of inertia to necessarily 
find a place in any future physical theory, but not 
the concept of force. 

Newton's theory does not explain the origin of 
either the inertia or the electric charge of material 
bodies. For any theory that attempts to explain 
the origin of inertia and the electric charge, it then 
becomes necessary to replace the newtonian con- 
cept of force with some suitable other. The con- 
cept of the material body as a source of force is, 
consequently, to be completely abandoned in any 
such theoretical framework. Decisively, this must, 
simultaneously, hold for all the forces that need to 
be postulated to describe the motions of material 
bodies in Newton's and other theories. 

In other words, it is decisive to recognize that 
the mathematical framework of any theory which 
"explains" origins of newtonian source properties 
of the physical matter must, necessarily, be also 
applicable, simultaneously, to all the "fundamen- 
tal" forces that are needed in Newton's and other 
theories to describe the motions of material bodies. 
This is [3] the key to the "new" theory. 



Clearly, a formulation that replaces the concept 
of only a single source property of material bodies 
cannot then be physically satisfactory as well as 
conceptually consistent. 

In this section, we then stress the importance of 
the physical construction of the reference frames 
or the coordinate systems. We also stress that the 
motions of material bodies must, in general, affect 
the constructions of coordinate frames. 

In § IC, we then discuss the status of the gen- 
eral principle of relativity. This important princi- 
ple states that the laws of physics must be appli- 
cable to all the frames of reference. Consequently, 
the universal theory of relativity, a theory consis- 
tent with the general principle of relativity, will 
necessarily have to incorporate the physical con- 
struction of the coordinate systems. 

In the context of this above discussion, we also 
consider Einstein's equivalence principle and stress 
that the equivalence principle essentially estab- 
lishes only the consistency of the phenomenon of 
gravitation with the general principle of relativ- 
ity. It then needs to be emphasized here that the 
equivalence principle is not logically equivalent to 
the general principle of relativity. 

In section § ID, we discuss various general ex- 
pectations from a theory consistent with the gen- 
eral principle of relativity. This section essentially 
sets the conceptual background for the sections to 
follow. But, a reader is requested to go through 
even the earlier sections. 

Then, in § IE, we consider quantum aspects [4] 
vis-d-vis the general principle of relativity and the 
requirements of the mathematical formalism im- 
plied by such considerations. 

In § II, we provide the mathematical founda- 
tions for the proposed unified theory. Specifically, 
methods of measure theory and dynamical systems 
are reviewed in this section. 
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Then, in § III, we analyze a torsion balance ex- 
periment. Any theory using the concept of force al- 
ways predicts a non-null effect for this experiment. 
However, a "null effect" is also obtainable in the 
Universal Theory of Relativity apart from possible 
non-null effects (of the theories using the concept 
of force). We therefore suggest that the existence 
of such anomalous null-results be searched for in 
torsion balance experiments, preferably involving 
dynamic measurements. 

[Such anomalous null results will be some of the 
main features of the proposed Universal Theory of 
Relativity. This is because a transformation of the 
underlying space providing null result for any given 
experimental situation is, thinkably, permissible. 
But, physical space of Universal Relativity changes 
with changes in matter. Care is therefore needed 
in establishing null-results.] 

Finally, § IV, contains some concluding remarks 
about the proposed theory. 



I. PHYSICAL FOUNDATIONS 
A. General Background 

For the sake of completeness, we recall here the 
discussion from [3]. Its purpose here is to contrast 
the present approach with some other approac;lies 
[1, 2] to the unification of the ideas of the quantum 
theory and Einstein's general relativity. 

In an essence, Newton's deliberations define [5] 
specific mathematical structures or fields (scalar, 
vector, tensor functions) over the metrically flat 
3- continuum and consider the laws of their trans- 
formations. The 3-continuum admits the same Eu- 
clidean metric structure before and after the coor- 
dinate transformations. The ever-flat 3-continuum 
is, in this sense, an absolute space and, in New- 
ton's theory, accelerations of material bodies can 
refer only to this absolute space. 

Furthermore, in Newton's theory, physical laws 
for these quantities are the mathematical state- 
ments form-invariant under the galilean coordinate 
transformations which are basic to the newtonian 
formulation of mechanics. 

Mathematical methods [6] for these newtonian 
fields are, evidently, required to be consistent with 
the underlying flat 3-continuum admitting the 
same metric structure before and after the trans- 
formations of these flelds. This is, truly, the sense 
of any theory being newtonian. 

Then, the galilean transformations under which 
the newtonian laws are form-invariant arc. as op- 
posed to general, specific transformations of the 
coordinates of the continuum M^. 



Newton's theory also attaches physical meaning 
to the space coordinates and to the time coordi- 
nate. In this theory, the space coordinate describes 
the "physical distance" separating physical bodies 
and the time coordinate describes the reading of a 
"physical" clock. Euclidean space is then also the 
physical space of Newton's theory. 

In addition, the (newtonian) temporal coordi- 
nate has universally the same value for all the spa- 
tial locations, ie, all synchronized clocks at differ- 
ent spatial locations show and maintain the same 
time. In other words, the newtonian time coordi- 
nate is the absolute physical time. 

Basically, Newton's theory imagines a material 
body as a point-mass endowed with the inertia of 
that material body. It is a primary physical con- 
ception of this theory. Necessarily, a point-mass 
moves along a one-dimcnsional curve of the un- 
changing Euclidean 3-continuum. 

In physical associations of Newton's theory, it 
is then tacitly assumed that the interaction of a 
measuring instrument (observer) and the object (a 
particle whose physical parameters are being mea- 
sured) is negligibly small or that the effects of this 
interaction can be eliminated from the results of 
observations to obtain, as accurately as desired, 
the values of these parameters [7] . 

An issue closely related to the above one is that 
of the causality. Given initial data, Newton's the- 
ory predicts the values of its variables of the point- 
mass exactly and, hence, assumes strictly causal 
development of its physical world. 

Conceptually, in Newton's theory, force is the 
cause behind motions of material bodies. Next to 
inertia, force is the second most important of the 
conceptions of Newton's theory. 

Furthermore, as Lorentz had flrst realized very 
clearly, the sources of the newtonian forces are 
the singularities of the corresponding fields defined 
on the flat 3-continuum. Although unsatisfactory, 
this nature of the newtonian framework causes no 
problems of mathematical nature since this distinc- 
tion is maintainable within the formalism, ie, well- 
defined mathematical procedures for handling this 
distinction are possible. 

Here, one could imagine bodies of vanishing in- 
ertia moving with the same speed relative to all 
the inertial observers. But, acceleration (relative 
to absolute space) in Newton's second law of mo- 
tion has no meaning for vanishing inertia. This 
inability is a certain indication of the limitations 
of Newton's theoretical framework. 

Then, if a zero rest-mass object were to exist in 
reality, and nothing in Newton's theory prevents 
this, it is clear that we need to "extend" various 
newtonian conceptions. Only experiments can tell 
us about the existence of such bodies. 
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Now, light displays phenomena such as diffrac- 
tion, interference, polarization etc. But, as is well 
known, Newton's corpuscular theory needs unnat- 
ural, non-universal, inter-particle forces to explain 
these phenomena. That light displays phenomena 
needing unnatural explanations in Newton's the- 
ory could, with hindsight, then be interpreted [8] 
to mean that light needs to be treated as a zero 
rest-mass particle. Then, the speed of Light is the 
same for all the inertial observers. 

Revisions of newtonian concepts were necessary 
by the beginning of the 20th century. Firstly, ef- 
forts to reconcile some experimental results with 
newtonian concepts failed and associated as well 
as independent conceptions led Einstein to Spe- 
cial Theory of Relativity [9] . Secondly, other ex- 
periments related to the wave-particle duality, of 
radiation and matter, both, ultimately led to non- 
relativistic quantum theory [4]. 

The methods of Non-Relativistic Quantum Field 
Theory [10] are also similar of nature to the above 
newtonian methods in that these consider quantum 
fields definable on the metrically flat 3-continuum. 
For these fields of quantum character, we are of 
course required to modify the newtonian mathe- 
matical methods. The Schrodinger-Heisenberg for- 
malism achieves precisely this. 

Quantum considerations only change the nature 
of the mathematical (field) structure definable on 
the underlying metrically flat 3-continuum. That 
is, differences in the newtonian and the quantum 
fields are mathematically entirely describable as 
such. But, the metrically flat 3-continuum is also, 
in the above sense, an absolute space in these non- 
relativistic quantum considerations. 

Now, importantly, the "newtonian source prop- 
erties" of physical matter are differently treated in 
the non-relativistic quantum field theory than in 
Newton's theory. The mass and the electric charge 
of a physical body appear as pure numbers, to be 
prescribed by hand for a point of the metrically flat 
3-continuum, in Schrodinger's equation or, equiv- 
alently, in Heisenberg's operators. 

Quantum theory then provides the probability of 
the location of the mass and the charge values in 
certain speciflc region of the underlying metrically 
flat 3-continuum. The mathematical formalism of 
the quantum theory provides only probability and 
it is basically a set of mathematical rules to calcu- 
late the probability of a physical event. 

However, certain physical variables of the new- 
tonian mass-point acquire discrete values in the 
mathematical formalism of the quantum theory. 
This discreteness of certain variables is the gen- 
uine characteristic of the quantum theory and is a 
significant departure from their continuous values 
in Newton's theory. 



This quantum theory is fundamentally a theory 
that divides the physical world into two parts, a 
part that is a system being observed and a part 
that does the observation. Therefore, quantum 
theory always refers to an observer who is external 
to the system under observation. The results of 
the observation, of course, depend in detail on just 
how this division is made. 

But, it must be recognized that classical con- 
cepts are not completely expelled from the physi- 
cal considerations in the quantum theory. On the 
contrary, in Bohr's words [11]: 

4k ... it is decisive to recognize that, however 
far the phenomena transcend the scope of classical 
physical explanation, the account of all evidence 
must be expressed in classical terms. 4^ 
This applies in spite of the fact that classical (new- 
tonian) mechanics does not account for the obser- 
vations of the microphysical world. (Bohr offered 
"complementarity of (classical) concepts" as an ex- 
planation for this.) 

We also note that it is not possible to treat zero 
rest mass particles in the non-relativistic quantum 
theory. As is well known [10], Schrodinger's equa- 
tion or Heisenberg's operators of this theory are 
meaningful only when mass of the considered parti- 
cle is non-vanishing. Essentially, it is the same lim- 
itation as that of Newton's theory. Non-relativistic 
quantum field theory cannot then describe the phe- 
nomena displayed by light. 

But, in these non-relativistic quantum consid- 
erations, a physical body is described as a non- 
singular point-particle, not as an extended object. 
That is, mass and electric charge appearing herein 
are non-singularly defined only for a point of the 
metrically always-flat 3-continuum. 

Now, special relativity [12] implies that the par- 
ticle of electromagnetic radiation has zero rest- 
mass - follows from the mass-variation with veloc- 
ity. Special relativity enlarges the galilean group of 
transformations of the metrically flat 3-continuum 
and time to the Lorentz group of transforma- 
tions of the metrically flat 3-continuum and time, 
also treatable as a metrically flat 4-- dimensional 
Minkowski- continuum [56]. 

Lorentz transformations keep Minkowski metric 
the same. Then, special rclativistic laws for elec- 
tromagnetic fields (mathematical structures on the 
metrically flat 4-continuum), Maxwell's equations, 
are mathematical statements form-invariant under 
Lorentz transformations. 

Then, "special relativistic laws of motion" exist 
for the sources and Maxwell's equations exist for 
the fields. So long as we treat the sources and the 
fields separately, mathematical problems do not 
arise since well-defined mathematical procedures 
exist to handle these concepts. 
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Standard mathematical methods then permit 
us again considerations of classical fields on the 
Minkowski-contimium [6] . The "ncwtonian" math- 
ematical methods hold also for them, now in 4- 
dimensions, and are consistent with the fact that 
the flat 4-continuum admits the same metric struc- 
ture before and after the Lorcntz transformations 
of these fields. This is, now, the sense of any theory 
being classical. The Minkowski-spacetime is then 
an absolute 4-space. 

To describe motions of zero rest mass particles, 
we ascribe vanishing rest mass to a point of the 
space. A point of the space then has m = when 
E = ±p and such a point necessarily moves with 
the speed of light. 

Notably, Lorentz transformations under which 
special relativistic laws arc form-invariant are spe- 
cific coordinate transformations. 

Further, since the involved transformations are 
very different than those of Newton's theory, con- 
cepts of a measuring rod and a clock are subject 
to critical examination and it then becomes clear 
that the ordinary newtonian these concepts involve 
the tacit assumption that there exist, in principle, 
signals that arc propagated with an infinite speed. 
Then, as was shown by Einstein [13], the absolute 
character of time is lost completely: initially syn- 
chronized clocks at different spatial locations do 
not keep the same time-value. 

However, like with Newton's theory, coordinates 
have a direct physical meaning in special theory 
of relativity. Although it is the same association 
of physical character, the Lorentz transformations 
constitute significant departure from the newto- 
nian concepts since time is no longer the absolute 
time in special relativity. 

But, classical considerations of special relativity, 
like with Newton's theory, assume exact measura- 
bility as well as strict causality. 

Now, quantum fields require suitable equations 
that arc form-invariant under Lorentz transforma- 
tions to describe quanta moving close to the speed 
of light in vacuum. These quantum fields are, 
once again, suitable mathematical structures de- 
finable on the metrically ever-fiat 4-dimensional 
(Minkowski) spacetime. 

Methods of the special relativistic quantum field 
theory [14] then handle such quantum fields de- 
fined on the metrically ever-flat 4-continuum ad- 
mitting a Minkowskian metric. Next, the quantum 
mathematical methods are appropriate generaliza- 
tions of the mathematical methods of Schrodinger- 
Heisenberg formalism. This, the Dirac-Schwinger- 
Tomonaga formalism [14], achieves for the metri- 
cally flat minkowskian 4-continuum that which the 
Schrodinger-Heisenberg formalism achieves for the 
newtonian 3-space and time. 



Then, the differences in the (special-relativistic) 
classical and quantum fields are mathematically 

entirely describablc as such. Non-rclativistic re- 
sults are recoverable when the velocities are small 
compared to the speed of light. 

However, the imderlying Minkowski spacetime 
does not change under the (Lorentz) transfor- 
mations keeping the quantum equations form- 
invariant and is also, in the earlier sense, an ab- 
solute 4-space here. 

Likewise with non-relativistic theory, a body is 
represented in these special relativistic quantum 
considerations by ascribing in non-singular sense 
the mass and the charge as pure numbers to points 
of the ever-fiat Minkowski 4-continuum in the cor- 
responding operators. 

This special relativistic quantum field theory 
then provides us the probability of the spatial lo- 
cation and the tem,poral instant of the mass and 
the charge values in a region of the Minkowski 4- 
continuum, for all velocities limited by the speed 
of light in vacuum. 

Other massless particles, eg, neutrinos, are also 
allowed in the special relativistic quantum field 
theory due to the group enlargement from that of 
the galilean group to the Lorentz group of trans- 
formations. This group enlargement permits form- 
invariant Dirac equation [14] and also the theory 
of massive spin i fermions. 

But, there is no possibility of explaining the ori- 
gin of "mass" as well as of "charge" in, quantum or 
not, special relativistic theories. It is only after we 
have specified the values of mass and charge for a 
source particle that we can obtain, from the math- 
ematical formalisms of these theories, its further 
dynamics based on the given (appropriate) initial 
data. Hence, the values of mass and charge are not 
obtainable in these theories. 

Clearly, the newtonian and the special relativis- 
tic frameworks, both, are not sufficiently general 
to form the basis for the entire physics. Therefore, 
some new developments are needed to account for 
the "origins" of inertia and electric charge. We 
recall here that these are the physical properties 
by which we "identify" or "characterize individual 
material or physical bodies. 

Next, Lorentz had recognized [15] (p. 155) the 
notion of the inertia of the electromagnetic field. 
He then had a clear conception that inertia (oppo- 
sition of a physical body to a change in its state of 
motion) could possess origin in the field concep- 
tion. Just as a person in a moving crowd experi- 
ences opposition to a change in motion, a parti- 
cle (region of concentrated field) moving in a sur- 
rounding field experiences opposition to a change 
in its state of motion. This is Lorentz's conception 
of the field-origin of inertia. 
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Now, firstly, the distinction between the source 
and the field must necessarily be obliterated in any 
formulation of this conception. In other words, a 
field is the only basic concept and a particle is a 
derived concept here. Secondly, the mathematical 
formulation of this conception is also required to 
be intrinsically nonlinear. 

Solutions of linear equations obey superposition 
principle, and required number of solutions can be 
superposed to obtain the solution for any assumed 
field configuration. But, sources generating the as- 
sumed field configuration continue to be the singu- 
larities of the field. Hence, the distinction between 
source and field cannot be obliterated. 

Solutions of some (non-linear) field equations 
would not obey the superposition principle. Then, 
one could hope that non-singular solutions of non- 
linear equations for the field would permit appro- 
priate treatment of sources as singularity-free re- 
gions of concentrated field energy. 

An important question is now that of the ap- 
propriate (non-linear) field equations, of obtain- 
ing these equations without venturing into mean- 
ingless arbitrariness. In fact, this question is of 
some appropriate non-linear mathematical formal- 
ism that need not even possess the character of 
non-linear (partial) differential equations for the 
field as a mathematical structure on the underly- 
ing continuum. (It is also the issue of whether the 
most fundamental formalism of physics could have 
a mathematical structure other than that of the 
(partial) differential equations.) 

Historically, the very difficult and lengthy path 
to appropriate non-linear equations was developed 
by Einstein alone. 

The pivotal point of Einstein's formulation of 
the relevant ideas is the equivalence of inertial and 
gravitational mass of a physical body, a fact known 
since Newton's times but which remained only an 
assumption of Newton's theory. 

The above equivalence principle implies that the 
Lorentz transformations are not sufficient to incor- 
porate the explanation of this equivalence of iner- 
tial and gravitational mass of a material body. It 
then follows that general transformations of coor- 
dinates are required and the physical basis is that 
of the general principle of relaiivity. 

On the basis of the equivalence principle, Ein- 
stein then provided us the "curved 4-geometry" as 
a "physically realizable" entity. 

To arrive at his formulation of general relativity, 
Einstein raised [16] (p. 69) the following questions: 

<|k Of which mathematical type are the variables 
(functions of the coordinates) which permit the 
expression of the physical properties of the space 
("structure")? Only after that: Which equations 
are satisfied by those variables? 4 



He then proceeded to develop this theory in two 
stages, namely, those dealing with 

(a) pure gravitational field, and 

(b) general field (in which quantities correspond- 

ing somehow to the electromagnetic field oc- 
cur, too). 

The situation (a), the pure gravitational field, is 

characterized by a symmetric (Riemannian) metric 
(tensor of rank two) for which the Riemann curva- 
ture tensor does not vanish. 

For the case (b), Einstein [16] (p. 73) then set up 
the "preliminary equations" to investigate [57] the 
usefulness of the basic ideas of General Relativity. 
His (makeshift) field equations of this formulation 
of General Relativity are form-invariant under gen- 
eral (spacetimc) coordinate transformations. The 
form- invar iance of field equations under general co- 
ordinate transformations is known as the principle 
of general covariance [17] [58]. 

Through these equations, geometric properties 
of the spacetime are supposed to be determined 
by the physical matter. In turn, the spacetime ge- 
ometry is supposed to tell the physical matter how 
to move. That is, the geodesies of the spacetime 
geometry are supposed to provide the law of mo- 
tion of the physical matter. 

The ideas of general relativity essentially free 
Physics from the association of physical meaning to 
coordinates and coordinate differences, an assump- 
tion implicit in Newton's theory and in special rel- 
ativity. The formulation of Einstein's (makeshift) 
field equations however attaches physical meaning 
to the invariant distance of the curved spacetime 
geometry and considers it to be a physically ex- 
actly measurable quantity. 

Now, we may imagine [17] a small perturbation 
of the background spacetime geometry and obtain 
equations governing these perturbations. We may 
also consider [17] quantum fields on the unchanging 
background spacetime geometry. 

Then, such methods (of perturbative analysis 
and also of the Quantum Field Theory in Curved 
Spacetime) are quite similar of nature to methods 
adopted for either the flat 3-contimmm or the flat 
4-continuum in that these consider "mathematical 
fields" definable on the fixed and metrically curved, 
absolute, 4-continuum. 

But, as far as Lorentz's or Einstein's ideas are 
concerned, these above considerations of quantum 
field theory in curved spacetime or perturbations 
of a curved spacetime geometry are, evidently, not 
self-consistent since matter fields must affect the 
background spacetime geometry. However, these 
are not the real issues here. 
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Importantly, Einstein's approach to his field 
equations is beset with internal contradictions of 
serious physical nature [19]. These contradictions 
originate in the fact that gravity is given preferen- 
tial treatment in it. (See later.) 

Firstly, Einstein's vacuum field equations [59] 
are entirely unsatisfactory [18, 19] since these are 
field equations for the pure gravitational field with- 
out even a possibility of the equations of motion 
for the sources of that field. 

Certainly, matter cannot be any part of the the- 
ory of the vacuum or the pure gravitational field. 
Then, there cannot be physical objects in consid- 
erations of the pure gravitational field, except as 
sources of such fields. 

Now, a material particle is necessarily a space- 
time singularity of the pure gravitational field and, 
hence, mathematically, no equations of motion for 
it are possible. Then, we have only equations for 
the pure field but no equations of motion for the 
sources creating those fields. 

But, the vacuum field equations alone are not 
enough to draw any conclusions of physical nature. 
Without the laws for the motions of sources gener- 
ating the (vacuum) fields, we have no means of as- 
certaining or establishing the "causes" of motions 
of sources. No conclusions of physical nature are 
therefore permissible in this situation and, thus, 
the vacuum field equations cannot lead us to phys- 
ically verifiable predictions. 

[Note that this above situation is markedly dif- 
ferent from that with special relativity. In special 
relativity, the background geometry does not pos- 
sess any geometric singularity at any location, but 
only the (mathematical) fields defined on this ge- 
ometry can be singular. Then, similar to Newton's 
theory, situations in special relativity lead us to 
physically testable predictions.] 

Secondly, recall that the energy-momentum ten- 
sor deals with the density and fiuxes of particles. 
Then, unless a definition of what constitutes a par- 
ticle is, a-priori, available to us, we cannot con- 
struct the energy-momentum tensor. 

Now, various relevant solutions of Einstein's field 
equations represent a point particle as a spacetime 
singularity for which no laws of motion are possi- 
ble. Consequently, no acceptable description of a 
particle is available in Einstein's approach to the 
General Theory of Relativity. 

Therefore, the concept of a particle is not clearly 
defined to begin with and, hence, is not a-priori 
available in Einstein's approach to his (makeshift) 
field equations. Thus, Einstein's preliminary field 
equations are ill-posed [18, 19]. 

Notably, this above does not, however, invalidate 
or question the General Principle of Relativity in 
any manner whatsoever. (See later.) 



Next, recall that the quantum theory based on 
Schrodinger's ^f-function provides us, essentially, 
the means of calculating the probability of a phys- 
ical event. It presupposes that we have specified, 
say, the lagrangian or, equivalently, certain phys- 
ical characteristics of the problem under consid- 
eration. Evidently, this is necessary to determine 
the \E'-function using which we then make (prob- 
abilistic) predictions regarding that physical phe- 
nomenon under consideration. 

At this stage, we then note the following funda- 
mental limitation of any theory that uses proba- 
bilistic considerations. (This limitation is clearly 
recognizable for statistical mechanics in relation to 
the newtonian theory.) 

Importantly, the method of obtaining the prob- 
ability of the outcome of its toss is irrelevant to 
intrinsic properties of the coin [60]. 

Therefore, methods of quantum theory, these 
leading us to the probability of the outcome of a 
physical experiment about a chosen physical ob- 
ject, cannot provide us the means of "specifying" 
certain intrinsic properties of that physical body. 
This fact, precisely, appears to be the reason as 
to why we had to specify by hand the values of 
the mass and the charge in various operators of 
the non-relativistic as well as relativistic versions 
of the quantum theory. 

Therefore, quantum theory presupposes that we 
have specified intrinsic properties of physical ob- 
ject(s) under consideration. Hence, origins of such 
properties are to be sought "elsewhere" and not 
within the quantum theory. 

Hence, we have that the formulation of general 
relativity as only a theory of gravitation, Einstein's 
1916 (makeshift) field equations [13], is entirely un- 
satisfactory. We also have that the probabilistic 
quantum theory cannot hope to explain the ori- 
gins of inertia and electric charge. 

But, even when Einstein's field equations are 
physically ill-posed, the underlying conceptions 
of the geometry being indistinguishable from the 
physical matter need not be so. The General Prin- 
ciple of Relativity makes sense even without Ein- 
stein's equations. (See later.) Proper recognition 
of this issue is then important. 

A question therefore arises of some satisfactory 
mathematical formulation of not only the funda- 
mental conceptions underlying the general princi- 
ple of relativity but also of unifying them with the 
fundamental conceptions of the quantum theory in 
an appropriate manner. 

But, for the "new" theory, we need the concep- 
tual framework of only the General Principle of 
Relativity or only that of the Probabilistic Quan- 
tum Theory, and not the both. Let us then turn 
to the issues related to this choice. 
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Other approaches to unification 

Now, the two "most successful" theories of the 
20th century, namely, the Quantum Theory and 
Einstein's Theory of Gravity, possess profoundly 
different conceptual frameworks and have led us to 
adopt "separate" approaches to various problems 
of the micro and the macro world [61]. 

As far as the theories of the micro-world are con- 
cerned, these are based on the principles of the 
Quantum Theory. QED, QCD etc. have been ex- 
perimentally justified by way of the verification of 
their predictions, some to remarkable accuracies. 
These successes [20] lead us to accept the concep- 
tual basis of the Quantum Theory. 

But, these theories of the micro physical world 
are certainly incomplete without the incorporation 
of gravitation of the micro-objects. 

Now, the General Principle of Relativity has the 
appropriate conceptual framework for gravitation. 
Einstein's equivalence principle provides us the ap- 
propriate basis to formulate a theory of gravita- 
tion. Einstein, in 1916, had followed exactly this 
path to propose his preliminary equations for the 
field theory of gravitation. 

Einstein's formulation of General Relativity as 
only a theory of gravitation leads us to classic tests 
of this theory of gravity such as the precession of 
the perihelion of Mercury, the bending of light, the 
gravitational red-shift etc. 

These classic tests of General Relativity, though 
not as accurate as those of the theories of the micro 
world, provide us adequate reasons to also accept, 
simultaneously, the conceptual framework of the 
General Principle of Relativity. 

As an early recognition of the diverse conceptual 
frameworks of these two aforementioned physical 
theories and also as an early warning about the in- 
volved issues, Einstein wrote in 1916 (Preussische 
Akademie Sitzungsberichte) that: 

4b Nevertheless, due to the interatomic move- 
ment of electrons, atoms would have to radiate not 
only electromagnetic but also gravitational energy, 
if only in tiny amounts. As this is hardly true in 
Nature, it appears that quantum theory would have 
to modify not only Maxwellian electrodynamics but 
also the new theory of gravitation. 4^ 

Surely, Einstein's formulation deals only with 
the phenomenon of gravitation and, consequently, 
does not incorporate electromagnetism as well as 
other aspects of various known micro-particles on 
the same footing as gravity. It is therefore quite 
natural to expect that aspects related to quantum 
nature of (gravitating) matter would necessitate 
fundamental changes to, the then new, Einstein's 
theory of gravitation [62] . 



Equally surely, an appropriate synthesis of the 
quantum theory and the general principle of rela- 
tivity is also necessary as their diverse conceptual 
frameworks force on us a "schizophrenic" view [1] 
of the physical world in which we treat macro world 
as per Einstein's theory of gravity and the micro 
world as per the quantum theory. 

A question then arises of the "final correctness" 
of the conceptual basis. Einstein, as is well known 
[15] , chose the General Principle of Relativity while 
most like Bohr, Heisenberg, Dirac, Pauli chose the 
probabilistic Quantum Theory. 

Einstein's attempts at the Unified Field Theory 
led him and others, like Schrodinger, de Broglie 
[21], to nowhere. But, Einstein sang his "solitary 
song" in favor of the conceptual basis of General 
Relativity till the end [15]. 

Learning, perhaps, from the failures of Einstein's 
numerous attempts at the formulation of a satis- 
factory Unified Field Theory and keeping thereby 
"faith" in probabilistic methods of the quantum 
theory, some like Bronstein, Rosenfeld, Pauli, then 
attempted to quantize [63] Einstein's gravity in the 
same manner as was followed for other fields such 
as the electromagnetic field. 

But, such an approach to the "quantum theory 
of gravity" was slated to face serious mathemati- 
cal difficulties. The foremost of these difficulties is 
that the metric of the spacetime geometry is not 
just an inert arena but also the primary dynamical 
quantity in Einstein's theory of gravity which has 
no background metric. 

The known procedures of quantum theory were 
geared to the existence of a background metric 
such as the Minkowski metric. Therefore, by giving 
up Einstein's most cherished dream, inseparability 
of geometry and matter, the 4- metric was treated 
as a perturbative tensor field over the (usually) flat 
background. This gave us the covariant formalism 
of quantum gravity. 

For this formalism, Feynman then extended per- 
turbative methods of QED to Einstein's gravity. 
Then, De Witt formulated [22] the Feynman rules 
for covariantly quantized Einstein's gravity. This 
all then led us to the notion of a massless spin-2 
graviton. But, this perturbative quantum gravity 
turned out to be non-renormalizable. 

The non-renormalizable nature of perturbative 
quantization of Einstein's gravity was interpreted 
to mean that important high energy processes (at 
the Planck energy scale) were being ignored by 
these perturbative methods. 

A cure for this problem was sought by coupling 
Einstein's gravity to other fields, as it must be. In 
particular, "super-gravity" imagined cancellation 
of bosonic infinities of the gravity by those of the 
suitable fermionic fields [2]. 
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It was soon realized that super-gravity will be 
non-renormalizable at the fifth and at higher order 
loops. In the mean while, an innovative idea of re- 
placing point particles by a 1-dimensional (Nambu- 
Goto) string, an extended object, was invoked for 
the theory of strong interactions. 

Originally, the "Duality Hypothesis" that the 
s- and t-channel diagrams provide "dual" descrip- 
tions of the same physics, where s and t are the 
Mandelstam variables, was tried [2] for the strong 
interactions. However, models based on the above 
duality hypothesis predicted a variety of massless 
particles which do not exist in the hadron world. 
Then, this failure of the duality theories eventually 
yielded the way for QCD. 

But, duality theories could accommodate high 
spin particles without ultraviolet anomalies and, 
in "quantized" general relativity, the gravitational 
field is to be a massless spin-2 graviton. Hence, the 
idea that some "duality theory" could be a "theory 
of all interactions" soon caught attention. Then, 
the Veneziano duality model was also shown to be 
a relativistic string. 

In the String Theory approach, different modes 
of oscillations of the string correspond to particle- 
like states. Then, it turns out that, in addition to 
the spin-1 mode, there also exists in String Theory 
a spin-2 mode. A boon in disguise, the spin-2 mode 
could then represent gravity. 

Within the theoretical framework of the String 
Theory, only one fundamental quantity, the string 
tension, needs to be specified a-priori. Then, it is 
tempting indeed to think that a built-in unification 
of all interactions by way of the modes of vibrations 
of the string is possible. This expectation led to a 
fiurry of theoretical activity. 

As many implications of String Theory were be- 
ing developed, usefulness of its ideas was also ex- 
plored in the context of cosmological conceptions. 
Such studies explored mainly the "cosmological " 
implications of higher dimensions necessarily re- 
quired for the String Theory. 

The string theory [2] necessarily uses dimensions 
higher than the usual four (10 for the super-string 
and 26 for the bosonic string for which quantum 
anomalies do not occur in the theory) . It also uses 
the ideas of super-symmetry and works with back- 
ground fields as essential ingredients. The overall 
thrust of the String Theory is then certainly on 
the unification of all the four interactions, includ- 
ing Einstein's gravity by way of the spin-2 mode 
of the string oscillations. 

Still, it needs to be adequately realized that the 
String Theory cannot hope to explain the origins 
of either the inertia or the electrostatic; c;liarge on 
the basis of only the string tension which is an 
arbitrary constant of this theory. 



But, a "theory of everything" must provide these 
aforementioned explanations [64]. If not anything 
else, this aforementioned inability of the String 
Theory alone forces us to look "elsewhere" for the 
explanations of properties of matter. 

Next, another approach to quantum theory of 
gravity also evolved simultaneously to the String 
Theory. It was shown by Dirac [23] that the hamil- 
tonian of Einstein's theory of gravity is a mathe- 
matically well-defined quantity. Motions generated 
by this hamiltonian are then evolutions in time of 
the initial spatial section, the Cauchy surface of 
the Einstein field equations. 

These theoretical developments led to the canon- 
ical approach to Einstein's gravity which is then 
to be viewed as the dynamical theory of the 3- 
geometries - the geometrodynamics [65]. 

The ADM-formalism then led to further devel- 
opments in canonical approach. The 3-metric and 
the extrinsic curvature of the 3-geometry are the 
canonically conjugate variables of the geometro- 
dynamics. Notably, Einstein's field equations for 
gravity then reduce to two types of equations: con- 
straints and evolution equations. One could then 
think of using (generalizations of) Dirac's methods 
for quantization of "constrained systems" for these 
sets of equations of gravity. 

These developments led to a definite (Wheeler's) 
program of ambitious nature to quantize Einstein's 
gravity. However, this proposal remained mostly 
formal and quite separate from quantum theories 
of the micro world. 

In this last context, deserving special mention 
are the recent developments related to Quantum 
Geometry [1]. Notably, the Ashtekar phase space 
of Einstein's gravity is the same as that of the 
gauge theories of the micro world. 

The basis of these developments is a canonical 
transformation of the ADM variables of gravity 
that yields, at the most, polynomial constraints. 
"Spin connection" and "triad" achieve together 
this simplification. The 3-metric, obtainable from 
Ashtekar's spinorial variables, is nowhere needed 
in the "metric-free" formahsm. 

Canonical gravity being non-perturbative, these 
achievements were quite important for quantum 
gravity. The quantization of the Einstein- Ashtekar 
gravity leads to "loop-states," 1-dimensional exci- 
tations, from which the continuum arises only as 
a coarse-grained approximation over the "weave" 
states of quantum geometry. 

This "quantized" Einstein- Ashtekar gravity, the 
Theory of the Quantum Geometry, then appears 
to be the "ultimate" logical end of the program 
of canonical gravity. But, it has not provided yet 
any principle or procedure for incorporating other 
three interactions. 
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However, this formalism of Quantum Geometry 
is basically a rigorous mathematical theory, like the 
Euclidean geometry, in which one needs to "insert 
by hand" physical qualifications of matter to con- 
nect it to the physical world. 

In the context of this above issue, one is then 
bound to recall Einstein's theorem [16] (p. 63) that: 

4 ... nature is so constituted that it is possi- 
ble logically to lay down such strongly determined 
laws that within these laws only rationally com- 
pletely determined constants occur (not constants, 
therefore, whose numerical values could be changed 
without destroying the theory). — <|k 

Then, an additional "physical difficulty" of the 
Quantum Theory of Geometry is that physical con- 
stants (such as Planck's constant, Newton's con- 
stant of gravitation etc.) also do not arise in it 
from various permissible mutual relationships of 
physical bodies, just exactly as we obtain them 
experimentally out of mutual relationships of the 
involved physical objects. 

But, physical constants have to be specified by 
hand not only in Quantum Gc;omctry but also in 
String Theory. Consequently, these theories are, 
physically speaking, quite limited. [66]. The same 
limitations apply to other highly original and moti- 
vating approaches such as the Euclidean quantum 
gravity [24], twistor theory [25], non-commutative 
geometry [26], the theory of H-spaces [27] etc., al- 
though these approaches are not discussed here for 
want of space and purpose. 

Now, as seen earlier, Einstein's formulation of 
his field equations is itself beset with problems of 
serious physical concerns. Moreover, as also seen 
earlier, methods of quantum theory, leading us to 
the calculation of only the probability of a physical 
event, cannot provide us the "origins" of intrinsic 
properties of physical objects. 

Consequently, it is necessary to "look" beyond 
the mathematical formalism of either of these theo- 
ries to reach to some appropriate, theoretically sat- 
isfactory, explanations of the origins of the prop- 
erties of physical matter. 

Now, as will be discussed in the next sections, 
the General Principle of Relativity still holds. It 
therefore seems advisable to follow the conserva- 
tive path of developing appropriate mathematical 
formulation based on the general principle of rel- 
ativity and basic conceptions of the quantum the- 
ory, and to let it suggest to us the explanations of 
physical phenomena. 

Hence, even at the cost of being elementary and 
pedantic, it appears to be certainly worthwhile to 
recall here as to what the "phenomenon of gravi- 
tation" is all about and how exactly Newton's and 
Einstein's theories attempt to explain it. 



B. Conceptual Preliminaries 

To begin with, let us note that the foremost of 
the concepts behind Newton's theory is, imdoubt- 
edly, (Galileo's) concept of the inertia of a material 
body. We postulate that every material body has 
this inertia for motion. 

The association of the inertia of a material body 
with the points of the Euclidean space is the first 
primary physical conception that is necessary for 
Newton's theory to describe motions of physical 
bodies. Then, with this association, the Euclidean 
distance becomes the physical distance separating 
material bodies and the Euclidean space becomes 
the physical space for any further considerations of 
Newton's theoretical scheme. 

Next, a physical clock is a material body under- 
going periodic motion or a periodic phenomenon. 
Essentially, in Newton's theory, a physical clock is 
a set of points of the Euclidean space exhibiting 
periodic motion under a periodic transformation. 
Mathematically, in Newton's theory, let A be the 
set of all points of the Euclidean space making 
up the clock. Let T be the periodic transformation 
such that V where n is the 

period of the transformation T. 

In Newton's theory, an observer can observe the 
entire periodic motion of the material body of the 
clock (under the use of the transformation T) with- 
out disturbing the clock in any manner whatsoever. 
Then, the known state or the reading of the clock 
represents the physical time. Any "measurement" 
of the physical time gives the period or the part of 
the period n of the transformation T. It is tacitly 
assumed in these considerations that the involved 
quantities are exactly measurable. 

Now, consider a material point with an initial 
location Xo- In Newton's theory, the trajectory of 
this material point is a (continuous) sequence of 
points of the Euclidean space. It is then a "curve" 
traced by the point Xq under some transformation 
Tt of the Euclidean space where parameter t labels 
points of the sequence. Of course, the transforma- 
tion Tt need not be periodic. 

The label parameter t can then be made to cor- 
respond to the physical time in a one-one corre- 
spondence. This is theoretically permissible as the 
measurement of the physical time does not disturb 
the clock in any manner whatsoever in Newton's 
theory. This correspondence is the physical mean- 
ing of the labelling parameter t. 

An observer can thus check the position of an- 
other material point against the state of a physical 
clock. Without this "correspondence," the geomet- 
ric curve of the Euclidean space has no physical 
sense for the path of a material point. 
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When such physical associations are carried out, 
we say that the material point is at "this" location 
given by the three space coordinates and the phys- 
ical clock is simultaneously showing "this" time. 
This simultaneity is inherent in the physical asso- 
ciations of Newton's theory. 

Also, as a consequence of the fact that Newton's 
theory treats material bodies as existing indepen- 
dently of the space, the state of a physical clock or 
its reading is assumed to be independent of the mo- 
tion of another material point or points separately 
under considerations. Then, physical time is inde- 
pendent also of the coordination of the metrically- 
flat Euclidean space. 

But, then, the motion of a material point in the 
"physical" space does not produce any change in 
that space. Clearly, this fact applies also to the pe- 
riodic motion or the periodic phenomenon making 
up the physical clock. 

The "physical" construction of the coordinate 
axes and clocks must also be using the material 
bodies, for example, coordinate axes could be con- 
structed using "sufliciently long" material rods, 
say, of wood. Then, any material object, a road- 
roller, say, crossing the coordinate axis must "af- 
fect" the corresponding wooden rod. 

But, in Newton's theory, the coordinate axes of 
the Euclidean space do not get affected by the mo- 
tions of other material bodies. Clearly, use of non- 
cartesian coordinates does not change this state of 
affairs with Newton's theory. 

Now, any difference of coordinates in the Eu- 
clidean space is a "measuring stick or rod" that 
can be used to "measure" the physical separation 
of material bodies. 

Furthermore, in Newton's theory, each observer 
has a coordinate system of such measuring rods 
and clocks. Then, when one observer is in motion 
(relative to another one) , the entire system of co- 
ordinate axes and clocks is also carried with that 
observer in motion. 

Conceptually, the aforementioned physical situ- 
ation is "acceptable" except in one case. Surely, we 
cannot have a material rod with one observer and 
simultaneously, another material rod, at the same 
place, with other observer in (uniform or not) mo- 
tion relative to the first one. 

But, in Newton's theory, measuring stick of one 
observer does not collide with that of another ob- 
server in motion even when both these sticks ar- 
rive at the same place. Unacceptably, any two such 
measuring sticks just pass through each other with- 
out even colliding on their first contact. 

The same situation does not arise for other ma- 
terial bodies which are supposed to collide on their 
first contact. Then, in Newton's theory, the mea- 
suring rods of the physical space - Euclidean space 



- are treated separately than other material ob- 
jects. But, measuring rods must also be made up 
of material objects. Then, their separate treat- 
ment is, theoretically, not appropriate one. Surely, 
this problem with Newton's theory is, undeniably, 
of serious theoretical concern. 

(This above issue would not have been relevant 
if the Euclidean distance were also not, simulta- 
neously, the physical distance separating material 
bodies. Mathematically, the continuum R x M x M 
can be assumed.) 

Hence, Newton's theory attempts to explain all 
phenomena as relations [67] between objects exist- 
ing in Euclidean space and time. It achieves this 
by attributing absolute properties to the space and 
the time, thereby totally separating them from the 
properties and motions of matter. 

Thus, limitations of Newton's theoretical scheme 
(providing his famous three laws of motion) origi- 
nate in its use of the Cartesian concepts related to 
the Euclidean space and the associations of prop- 
erties of material bodies with the points of this 
metrically-flat space. 

Now, the entire physical structure of Newton's 
theory is woven around only two basic concepts, 
namely, those of the inertia and the force. 

Clearly, the force, as a cause of motion, is an- 
other pivotal concept of Newton's theory. Hence, 
consider the status of the concept of force, the 
cause behind motions of material bodies, within 
Newton's theory of mechanics. 

Firstly, we could ask: What is the cause of this 
force? Within Newton's overall theoretical scheme, 
only a material point can be the source of force. A 
material point "here" acts on a material point lo- 
cated "there" with the specified force. Newton's 
theoretical scheme is therefore an action at a dis- 
tance framework. 

Then, in Newton's theory, we can consider a 
physical body as one material point and also other 
physical bodies as other material points. We vec- 
torially add the forces exerted by each one on the 
first physical body to obtain the total force acting 
on it. It is this total force that is used by Newton's 
second law of motion to provide the means of es- 
tablishing the path followed by that physical body 
under the action of that total force. 

In Newton's second law of motion, we must first 
specify the force acting on a material body. Only 
then can we solve the corresponding differential 
equation(s) and obtain, subject to the given initial 
data, the path of the material point representing 
that material body. 

Then, without the Law of Force, it is clear that 
the Law of Motion is empty of contents in New- 
ton's theoretical framework. This is an extremely 
important issue for a physical theory. 
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From our ordinary, day-to-day, observations, we 
notice that various objects fall to the earth when 
left "free" in the air. Wc then say that objects 
gravitate towards the Earth. This is, in a nutshell, 
the phenomenon of gravitation. 

We then need to explain as to why the objects 
"ordinarily" gravitate to Earth, ie, why they have 
a tendency to come together or why the distance 
between them decreases with time. 

In Newton's theory, only forces "cause" motions 
of material bodies. Then, the gravitating behavior 
of objects is "explainable" only by postulating a 
suitable force of gravity that makes material bodies 
fall to the Earth. 

But, in Newton's theory, a force acts between 
any two separate material points possessing the re- 
quired source property by virtue of which the force 
in question is generated. Furthermore, for the in- 
ternal consistency of Newton's scheme, the force 
so generated by one material point on the second 
material point must also be equal in amplitude but 
opposite in direction to that generated by the sec- 
ond material point on the first material point. This 
is Newton's third law of motion. This law also has 
the status of a postulate within the overall scheme 
of the newtonian mechanics. 

Newton had assumed that the force of gravity 
is proportional to the inertias of the two mate- 
rial points under consideration because, following 
Galileo, he had postulated that inertia "character- 
izes" a physical body. 

Such a force of gravity must then be generated 
by a chosen body (Earth) on all the other material 
bodies because, by postulate, every material body 
possessed inertia. The force of gravity must then 
be universal in character. 

To explain many of the day-to-day observations 
involving the terrestrial bodies as well as plane- 
tary motions that were already known in details, 
Newton was therefore compelled to state a Law of 
Force - Newton's Law of Gravity - to explain the 
phenomenon of gravitation. 

In fact, in Newton's theory, a material body has 
two independent attributes: the first, its inertial 
mass, is a measure of the opposition it offers to a 
change in its state of motion, and the second, its 
gravitational mass, is a measure of the property by 
virtue of which it produces the force of gravity on 
another material point. 

Various observations, since Galileo's times, then 
indicate [28] that the inertial and the gravitational 
masses of a material body are equal to a high de- 
gree of accuracy. However, this equality becomes 
an assumption of Newton's theory. 

Inverse-square dependence of the gravitational 
force on the distance separating two bodies is also 
an assumption of Newton's theory. 



In relation to the inverse-square dependence of 
Newton's force of gravity on distance separating 
two bodies, we could then always raise questions: 
Why not any other power of distance? Why should 
this force not contain time-derivatives of the space 
coordinates? Clearly, Newton's theory offers no ex- 
planation for even the inverse-square dependence 
of the force of gravitation. 

Hence, in Newton's scheme, his law of gravita- 
tion has the status of a postulate about the force 
acting between two material particles separated by 
some spatial distance. 

Also, Coulomb's law from the electrostatics pro- 
vides another, postulated, fundamental force. It 
is also assumed to exist universally between any 
two charged material bodies. It is an "additional" 
force, over and above that of gravity, which New- 
ton's theory postulates to explain the motions of 
charged material points. 

Now, every object does not fall to the Earth. So, 
"something" opposes the attractive force of grav- 
ity. That "something" must also be another force. 
Thus, in a nutshell, a force can oppose another. 
But, every force is an assumption here. 

Then, if we find that some physical body, for 
example, a star, is stable, wc could, in Newton's 
theory, explain its stability by postulating another 
suitable force which counterchecks the force of self- 
gravity of the star. On the other hand, if the star 
were unstable, existence of "unbalanced" forces in 
the star is implied. 

In Newton's theory, there are no fundamentally 
important issues involved here than those related 
to finding the nature of the force opposing the self- 
gravity of the star. It is essential to recognize this 
important aspect of Newton's theory. 

Nonetheless, in spite of it being an assumption 
of Newton's theory, Newton's inverse-square law of 
gravitation does possess certain experimental jus- 
tification - it is this inverse-square dependence that 
is known to be consistent with various observations 
and experiments. 

Still, it cannot be denied that Newton's law of 
gravitation is an important assumption of the new- 
tonian mechanics. 

To recmphasize the status of the laws of the force 
in Newton's theory, we note that every force is 
an assumption of this theory. Some forces are as- 
sumed to exist universally between any two mate- 
rial bodies. In particular, "the force of gravitation" 
is postulated by this theory. 

In Newton's theory, every "fundamental" notion 
of the force necessarily requires a source property 
to be attributed to material bodies. Then, the 
action-at-a-distance force has this important char- 
acteristic always. 
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Obviously, Newton's theory cannot hope to "ex- 
plain" the origin of any of such source attributes, 
each of these source attributes being an assump- 
tion of that theory. Evidently, the same applies 
to other action-at-a-distance theories. It is impor- 
tant to recognize this fact at this early stage of our 
present considerations. 

Perhaps, we would have been satisfied even with 
these assumptions of Newton's theory if it were not 
for the fact that Newton's theory docs not explain 
the phenomena displayed by Light. Moreover, var- 
ious observations related to the wave-particle dual- 
ity of light as well as matter are also unexplainable 
within the newtonian scheme. 

Apart from various fundamental reasons of the- 
oretical nature as discussed earlier, it is also for 
such experiments or observations which cannot be 
explained by Newton's theory, that some suitable 
"new" theory becomes a necessity. 

Of course, different results of Newton's theory 
which successfully describe motions of material 
bodies must be obtainable within the new theory 
in some suitable way. 

Then, to formulate "new" theory, we need to, 
not just modify but, abandon some newtonian con- 
cepts at a fundamental level. 

Now, let us also note the newtonian principle of 
relativity which states that: If a coordinate system 
K is chosen so that Newton's laws of motion hold 
good without the introduction of any pseudo-forces 
with respect to this frame then, the same laws also 
hold good in relation to other coordinate system 
K' moving in uniform translation relatively to K. 
This principle is a direct consequence of the exper- 
iments conducted by Galileo. 

These issues then bring us to the question of the 
status of the principle of relativity in a theoretical 
framework that abandons the newtonian concept 
of the force. It is to this and other related issues 
that we now turn to. 



C. The General Principle of Relativity 

To incorporate the physical description of the 

phenomena displayed by Light, zero rest-mass ob- 
ject, Einstein modified the newtonian principle of 
relativity as: // a coordinate system K is chosen 
so that physical laws hold good in their simplest 
form with respect to this frame then, the same laws 
also hold good in relation to other coordinate sys- 
tem, K' moving in uniform translation relatively to 
K. This is the special principle of relativity. As 
is well known, together with the principle of the 
constancy of the speed of light in vacuo, it leads to 
the special theory of relativity. 



Einstein's this special principle of relativity is 
essentially the same as the principle of relativity 

of Newton's theory. The word "special" indicates 
here that the principle is restricted to the case of 
uniform translational motion of K' relative to K 
and does not extend to non-uniform motion of K' 
in relation to the system K . 

But, even the special theory of relativity is not 
sufficiently general to offer explanations for various 
physical phenomena as observed. Not only gravity, 
but, as should be amply clear, the origin of inertia 
as well as the origin of electrostatic charge are also 
not explainable in special relativity. 

Primarily, the special theory of relativity is an 
extension of only the newtonian laws to accommo- 
date properties of motions of material bodies with 
vanishing inertia [8]. It achieves this extension by 
acknowledging the fact that, in our day-to-day ex- 
periences, we use Light to observe. 

But, the special theory of relativity also rests 
on the metrically flat continuum and is, thereby, 
beset with the problems of treating the measuring 
rods and clocks separately from all other objects. 
There is therefore the need to extend the special 
principle of relativity. 

Then, Einstein extended [13] this principle on 
the basis of Mach's reasoning as follows. 

Mach's reasoning concerns the following situa- 
tion. Consider two identical fluid bodies so far 
from each other and from other material bodies 
that only the self- gravity of each one needs to be 
considered. Let the distance between them be in- 
variable, and in neither of them let there be "in- 
ternal motions" with respect to each other. Also, 
let either body, as judged by an observer at rest 
relative to the other body, rotate with constant 
angular velocity about the line joining them. This 
is, importantly, a verifiable relative motion of the 
two identical fluid bodies. 

Now, using surveyor's instruments, let an ob- 
server at rest relative to each body make measure- 
ments of the surface of that body. Let the revealed 
surface of one body be spherical and of the other 
body be an ellipsoid of revolution. 

The question then arises of the reason behind 
this difference in these two bodies. Of course, no 
answer is to be considered satisfactory unless the 
given reason is observable. This is so because the 
Law of Causality has the "genuine scientific" sig- 
nificance only when observable effects ultimately 
appear as causes and effects. 

As is well known, Newton's theory as well as the 
special theory of relativity require the introduction 
of fictitious or the pseudo forces to provide an an- 
swer to this issue. The reason given by these two 
theories is, obviously, entirely unsatisfactory since 
the pseudo-forces are unobservable. 
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Any cause within the system of these two bod- 
ies alone will not be sufficient as it would have to 

refer to the absolute space only. But, the abso- 
lute space is necessarily unobservable and, conse- 
quently, any such "internal" cause will not be in 
conformity with the law of causality. 

The only satisfactory answer is that the cause 
must be outside of this physical system, and that 
must be referred to the real difference in motions of 
distant material bodies relative to each fluid body 
under consideration. 

Then, the frame of reference of one fluid body is 
equivalent to that of the other body for a descrip- 
tion of the "motions" of other bodies. As Mach 
had "concluded" [29], no observable signiflcance 
can be attached to the cause of the difference in 
their shapes without this equivalence. 

The laws of physics must then be such that they 
apply to systems of reference in any kind of motion 
(without the introduction of any fictitious causes or 
forces). This is then the extended or the general 
principle of relativity. 

Clearly, the reference frames must be constructed 
out of material bodies and any motions of "other" 
material bodies must affect the constructions of the 
reference frames. Therefore, the general principle 
of relativity also means that the laws of physics 
m,ust be so general as to incorporate even these sit- 
uations in their entirety. 

Now, equally important is the fact that the no- 
tion of the physical time must undergo appropri- 
ate changes when the above is implemented. In 
particular, the correspondence of the labelling pa- 
rameter of the "path" of a physical body with the 
time displayed by a physical clock must be dif- 
ferent than that in Newton's theory or in special 
relativity. Notably, the underlying continuum and 
the physical space are then different. 

Einstein connected the general principle of rela- 
tivity with the observation that a possible uniform 
gravitation imparts the same acceleration to all 
bodies. This insight leads us to Einstein's equiva- 
lence principle. It arises as follows. 

Let K he a. Galilean frame of reference relative 
to which a material body is moving with uniform 
rectilinear motion when far removed from other 
material bodies. Let K' be another frame of refer- 
ence which is moving relatively to K in uniformly 
accelerated translation. Then, relatively to K', 
that same material body would have an acceler- 
ation which is independent of its material content 
as well as of its physical state. 

The observer at rest in frame K' can then raise 
the question of determining whether frame K' is 
"really" in an accelerated motion. That is, whether 
this is the only cause for the acceleration of bodies 
being independent of material content. 



Now, let various bodies, of differing material 
contents and of differing inertias, fall freely under 
the action of Earth's gravity after being released 
from the same distance above the ground and at 
the same instant of time. Galileo had, supposedly 
at the leaning tower of Pisa, observed that these 
bodies reach the ground at the same instant of time 
and had thereby concluded that these bodies fall 
with the same accelerations. 

Hence, the decrement in distance between ma- 
terial bodies displaying only the phenomenon of 
gravitation is then uniquely characterized by the 
fact that the acceleration experienced by material 
bodies, occupying sufficiently small region of space 
near another material body of large spatial dimen- 
sion, is independent of their material content and 
their physical state. Here, the gravitational action 
of the larger material body can then be treated as 
being that of uniform gravitation. 

Therefore, the answer to the question raised by 
the observer at rest in the frame K' is in the neg- 
ative since there does exist an analogous situation 
involving the phenomenon of uniform gravitation 
in which material bodies can possess acceleration 
that is independent of their material content and 
the physical state. 

Thus, the observer at rest in the frame K' can 
alternatively explain the observation of the "accel- 
eration being independent of the physical state or 
the material content of bodies" on the basis of the 
phenomenon of uniform gravitation. 

The mechanical behavior of involved material 
bodies relative to the frame K' is then the same 
as that in the frame K, being considered "special" 
as per the special principle of relativity. We can 
therefore say that the two frames K and K' are 
equivalent for the description of the facts under 
consideration. Clearly, we can then extend the 
special principle of relativity to incorporate even 
the "accelerated" frames. 

Borrowing Einstein's words on this issue [13], 
this above situation is then suggestive that: 

^ the systems K and K' may both with equal 
right be looked upon as "stationary, " that is to say, 
they have an equal title as systems of reference for 
the physical description of phenomena. 4^ 
[Note the word "suggestive" in this statement.] 

Now, the equality of inertial and gravitational 
masses of a material body refers to the "equal- 
ity" of corresponding qualities of a material body. 
But, this is permissible only in a theory that as- 
sumes the concept of a force as an external cause 
of motions of material bodies. The concept of the 
gravitational mass is, however, irrelevant when the 
concept of force is abandoned. Only the concept 
of the inertia of a material body is then relevant 
to the motions of physical bodies. 
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What then is the status of the general principle 
of relativity in a theory that completely abandons 
the concept of force? Does it hold in the absence 
of the concept of force? 

Prom the above, it should now be evident that 
the general principle of relativity stands even when 
the concept of force is abandoned because it only 
deals with the observable concept of an accelera- 
tion of a material body. Specifically, in the context 
of Einstein's equivalence principle, it rests only on 
the observation that uniform gravity imparts the 
same acceleration to all the bodies. 

Now, it is crucial to recognize that the equiv- 
alence principle establishes only the consistency 
of the phenomenon of gravitation with the gen- 
eral principle of relativity. Clearly, the equivalence 
principle is not logically equivalent to the general 
principle of relativity. 

As noted earlier, Einstein had, certainly, been 
quite careful to use the word "suggestive" in stat- 
ing the relation of these two different principles. 
He further wrote in [13]: 

4k ... in pursuing the general theory of relativity 
we shall be led to a theory of gravitation, since we 
are able to "produce" a gravitational field merely 
by changing the system of coordinates, i/t 

But, in spite of the phenomenon of gravitation 
being consistent with the general principle of rel- 
ativity, there could, in principle, exist other phys- 
ical phenomena which could be inconsistent with 
the general principle of relativity. This would have 
been the situation if Newton's theory had shown 
us the existence of some "fundamental real force" 
distinguishing accelerated frames from the inertial 
frames but that force "explaining" the observed 
motions of material bodies. 

This last is, of course, not the situation and we 
therefore have the faith that the general principle 
of relativity should be the basis of any "satisfac- 
tory" physical theory. Moreover, the "vcrifiability" 
of the motion in Mach's arguments considered ear- 
lier is also indicative of the "universality" of the 
general principle of relativity. 

Prom the above, it should then be clear that the 
general principle of relativity can be reached from 
more than one vantage issues. Each such issue can 
then indicate only that some physical phenomenon 
related to that issue is consistent with this prin- 
ciple of relativity. The mutual consistency of the 
general principle of relativity and various physi- 
cal conceptions then becomes the requirement of a 
satisfactory physical theory. 

Therefore, physical construction of the frames of 
reference, the physical coordination of the physical 
space using measiiring rods, is also one of the pri- 
mary requirements of the satisfactory theory based 
on the general principle of relativity. 



Then, it should now be also clear that the uni- 
versal theory of relativity, a physical theory explic- 
itly based on the general principle of relativity, will 
not be just a theory of gravitation but, of neces- 
sity, also the theory of everything. It is certainly 
decisive to recognize this. 

Therefore, a theory which abandons the concept 
of force completely can "explain" the phenomenon 
of gravitation by demonstrating that the decrem,ent 
of distance between material bodies is, in certain 
situations, independent of their material contents 
and physical state. By showing this, a theory of 
the aforementioned type can incorporate the phe- 
nomenon of gravitation. 

Why is this above mentioned demonstration ex- 
pected to hold only in certain situations? 

To grasp the essentials here, let us recall that, 
in Newton's theory, only the total force acting on 
a physical body is used by Newton's second law 
of motion. We usually also decompose this force 
into different parts in the well known manner as 
the one arising due to gravity, the one arising due 
to electrostatic force etc. 

But, what matters in Newton's theory for the 
motion of any physical body is the total force act- 
ing on it and not the decomposition of this total 
force in parts, the decomposition, strictly speak- 
ing, being quite irrelevant. 

Thus, the phenomenon of gravitation is, then, 
"displayed" by material bodies, essentially, only in 
certain situations, those for which the total force 
is that due to gravity. 

This above is, in overall, the significance of the 
general principle of relativity. 



D. General Expectations from the Universal 
Theory of Relativity 

Now, what are our general expectations from 
any "new" theory then? 

Clearly, the concept of the inertia of a material 
body is more fundamental than that of the force 
because the conception of gravitational force re- 
quires the introduction of gravitational mass which 
is conceptually very different but "equals" the in- 
ertia in value to a high degree of accuracy [28]. 
Hence, only the newtonian concept of force comes 
under scrutiny for modifications. 

Therefore, it must be adequately recognized that 
the newtonian concept of "force" will have to be 
abandoned in the process of developing the new 
theoretical framework. In other words, the "cause" 
behind the motions of material bodies will have to 
be conceptually entirely different than has been 
considered by Newton's theory. 
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Consequently, "agreements" of the results of the 
new theory with the corresponding ones of New- 
ton's theory can only be m,athem,atical of nature. 
The physical conceptions behind the mathematical 
statements of the new theory will not be those of 
Newton's theory. 

Therefore, any explanation of the phenomenon 
of gravitation in the new theory will only involve 
the demonstration of the "decrement of distance" 
under certain situations involving material bodies. 
It must, of course, be shown that this decrement in 
distance is, for these situations, such that the "ac- 
celeration" of the bodies is independent of their 
material content and the physical state. It must 
also be shown that the "known" inverse-square de- 
pendence of this phenomenon arises in the new the- 
ory in some mathematical manner. 

Any such "new theory" must then explain the 
"origin" of the inertia of material bodies. It must 
also incorporate the "physical" construction of the 
coordinate system that must, necessarily, change 
with the motions of material bodies in the "physi- 
cal" space. Without the appropriate incorporation 
of these two issues, no theory can be considered to 
be physically satisfactory. 

Any such "new" theory needs also "explain" the 
equality of the inertial and the gravitational mass 
of a material body. The equality of these two en- 
tirely different physical conceptions, even with ex- 
perimental uncertainties, is a sure indication that 
the same quality of a material body manifests it- 
self, according to circumstances, as its inertia or as 
its weight (heaviness). 

But, it must be remembered that the concept of 
the gravitational mass and that of the electrostatic 
charge owe their origins to the newtonian concept 
of the force. 

But, the "source properties" cannot be basic to 

the new theory that abandons the concept of the 
force. Consequently, the gravitational mass of the 
material body will not be fundamental to the new 
theory, but the inertial mass will be. Some "entity" 
that replaces the electrostatic charge will also be 
basic to the new theory. 

Then, it must also follow from the mathematical 
framework of the new theory that the inertial mass 
can also be "naturally" considered as the "source" 
in the mathematical quantity that can be the new- 
tonian gravitational force. 

Similarly, the quantity that, in the new theory, 
replaces the electrostatic charge must also natu- 
rally appear as the "source" in the mathematical 
quantity that can be considered to be Coulomb's 
electrostatic force. 

Furthermore, we need to demand that the "new" 
theory must also not contain the law of motion 
which is "independent" of the law of the force. 



That is to say, the force as an external quantity, 
to be "specified" separately of the law of motion, 
must not occur in this new theory. In it, we can 
only have the law of motion. 

Crucially, abandonment of the concept of force 
that is independent of the law of motion applies, 
at the same time, to "every kind of (fundamental) 
force" postulated to be acting between the material 
particles by Newton's theory. 

Therefore, the conceptual framework as well as 
the mathematical formalism or procedure by which 
we "replace" the concept of force (as an "external 
cause of motion" independent of the law of motion) 
will have to be applicable to every kind of (funda- 
mental) force that Newton's or any other theory 
has to postulate or assume to explain the observed 
motions of material bodies. 

The Principle of the Simplicity (of Theoretical 
Construction) dictates that this above must be the 
case for a satisfactory theory. 

Replacing only the concept of the gravitational 
force is then unacceptable not only from this point 
of view of the simplicity but also because the resul- 
tant theory then cannot account for the entirety of 
charged material bodies within its hybrid frame- 
work. Charged material bodies will have to be the 
singularities of the electrostatic force but not of the 
gravitational force in the mathematical framework 
of such a hybrid theory. Any such hybrid frame- 
work is then bound to be physically inconsistent 
and, hence, unacceptable. 

Then, the mathematical procedure by which we 
replace the notion of, say, Newton's gravitational 
force cannot be expected to be entirely different 
than the one adopted, say, for replacing the notion 
of Coulomb's electrostatic force. 

Now, Einstein attempted to replace the notion 
of force with that of the curvature of the space- 
time manifold. Then, this replacement must also 
be applicable to every notion of force in Newton's 
theory. In particular, it must apply to Coulomb's 
electrostatic force. 

Then, Coulomb's electrostatic force can be at- 
tractive as well as repulsive depending on the "rel- 
ative" signs of the involved electric charges. An 
immediate implication of this above for Einstein's 
aforementioned attempt is that the relative sign of 
charges determines the curvature for the geometry 
"experienced" by them. 

But, how this is to be achieved is unclear. Ein- 
stein's field equations with matter do not imple- 
ment this in any non-singular manner. Moreover, 
what about origins of electric charges that are to 
determine the curvature? 

We may then conclude that the concept of the 
curvature of geometry is not sufficiently general to 
replace the notion of force. 
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Now, the concept of force is, in a definite math- 
ematical sense [30], equivalent to that of certain 
transformation of the points of the (Euchdean) 
space in Newton's theory. This then "suggests" 
that mathematical transformations of points of the 
(suitable underlying) space can, quite generally as 
well as naturally, "replace" the newtonian concept 
of force as a cause of motion. 

A transformation which "brings" two bodies "to- 
gether" corresponds to an attractive force between 
them while the one which "pushes" these bodies 
"away" from each other corresponds to a repul- 
sive force between them. Moreover, the action of 
a transformation can "naturally" depend on some 
parameters (eg, electric charges) . We may then be 
able to incorporate Coulomb's law (and other laws 
of force) in a framework based on transformation 
of some suitable (mathematical) space as a possi- 
ble generalization of the newtonian conception of 
force as a cause of motion. 

Evidently therefore, the concept of transforma- 
tion appears to be sufficiently general to replace 
the (newtonian) notion of force. 

It should then be also evident that the mathe- 
matical laws obtainable using this replacement of 
force by the transformation of suitable underlying 
space will be applicable to every physically con- 
structed frame of reference, and, hence, this math- 
ematical formalism will be in conformity with the 
general principle of relativity. 

It should then be equally clear that the phe- 
nomenon of gravitation is incorporated in this 
framework as the concept of transformation is "ap- 
plicable" in all the relevant situations. 

This then brings us to issues of the quantum 
considerations within the theme of the universal 
theory of relativity whose certain characteristics 
we have considered above. 



E. Quantum aspects and the related 
requirements of the Mathematical Foundations 
for the Universal Theory of Relativity 

Now, Bohr had captured [7] the "essence" of the 
quantum theory in the following succinct words: 

4|k ... The quantum theory is characterized by the 
acknowledgement of a fundamental limitation in 
the classical physical ideas when applied to atomic 
phenomena. ... the so-called quantum postulate, 
which attributes to any atomic process an essential 
discontinuity, or rather individuality, completely 
foreign to the classical theories. ... 

... Strictly speaking, the idea of observation be- 
longs to the causal spacetime way of description. ... 
According to the quantum theory, just the impossi- 
bility of neglecting the interaction with the agency 



of measurement means that every observation in- 
troduces a new uncontrollable element. ... 

This postulate implies a renunciation as regards 
the causal spacetime coordination of atomic pro- 
cesses. Indeed, our usual description of physical 
phenomena is based entirely on the idea that the 
phenomena concerned may be observed without dis- 
turbing them appreciably. This appears, for exam- 
ple, clearly in the theory of relativity, which has 
been so fruitful for the elucidation of the classi- 
cal theories. As emphasized by Einstein, every ob- 
servation or measurement ultimately rests on the 
coincidence of two independent events at the same 
spacetime point. .Just these coincidences will not be 
affected by any differences which the spacetime co- 
ordination of different observers may exhibit. Now, 
the quantum postulate implies that any observation 
of atomic phenomena will involve an interaction 
with the agency of observation not to be neglected. 
Accordingly, an independent reality in the ordinary 
physical sense can neither be ascribed to the phe- 
nomena nor to the agencies of observation. ... ift 

Indeed, the quantum theory is then supposed to 
acknowledge an essential limitation of the classical 
newtonian ideas by recognizing that any observa- 
tion of a physical system involves, necessarily, an 
uncontrollable disturbance of that physical system. 
This is, in spirit, similar to the special theory of rel- 
ativity acknowledging a fundamental fact that we, 
ordinarily, use electromagnetic radiation. Light, to 
observe material bodies [8]. 

The quantum hypothesis, through Heisenberg's 
indeterminacy relations [4] . then renders the exact 
measurability of the coordination of the space and 
the time questionable indeed. This is the decisive 
role of indeterminacy relations. 

Then, let us consider that an observer chooses a 
certain spatial location as the origin of the coor- 
dinate system and intends to attach spatial labels 
to various events in the vicinity with respect to it. 
The observer needs to use a measuring rod, made 
using physical matter, to achieve this. 

The observer intends to also attach suitable tem- 
poral labels to each event in the vicinity. For this 
purpose, the observer then needs to place, at each 
suitable location in the vicinity, near the "physical 
events" to be observed, physical bodies executing 
periodic motions as clocks. 

But, by the quantum postulate, these concepts 
must involve indeterminacies. Neither the origin 
of the coordinate system nor the coordinate labels 
can be determined in a physical measurement any 
more accurately than permitted by Heisenberg's 
relevant indeterminacy relation. The physical co- 
ordination used by an observer cannot then be 
identical with the (mathematical) coordination of 
the underlying continuum, if any. 
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But, this last is also the implication of the issues 
involved with even the physical construction of the 
coordinate frames. 

Recall from § 1 B that the "coordinate axes" of 
the reference frame must be using physical matter, 
and, in general, motions of other material bodies 
must affect the coordinate axes. 

Now, to attach coordinate labels to various spa- 
tial locations, the observer needs to "move" the 
"measuring rod" suitably and measure distances 
to these locations. But, changes must, in general, 
result to the coordinate axes due to the motion of 
the measuring rod. Therefore, the observer will not 
be able to measure exactly the distances necessary 
to label the spatial locations. 

The same also applies to the measurement of the 
physical time since any physical clock must be con- 
structed from physical matter and any such mea- 
surement involves the measurement of the location 
of the hands of the clock. 

Once again, we see even here that the physical 
coordination used by an observer cannot be iden- 
tical with the (mathematical) coordination of the 
underlying continuum, if any. 

It is then natural to expect that these issues of 
the physical construction of the coordinate axes 
and those of the quantum postulate are related to 
each other in some manner. 

But, of course, the observer will be able to "ne- 
glect" these changes to the coordinate axes in some 
situations. Then, in approximation, the observer 
could peruse the classical equations. 

Now, in Newton's theory, ordinary material bod- 
ies are considered as some "rigid" or "non-rigid" 
collection of material points, bound together by 
inter-particle forces. 

"Spatial extensions and associated properties" 
of material bodies then arise in Newton's theory 
only from such conceptions. 

In Newton's theory, a physical rod is then to be 
treated as such a spatially extended physical ob- 
ject. Of course, we then cannot determine the dis- 
tances of locations from a chosen origin any more 
accurately than the chosen unit - the spatial exten- 
sion of the chosen physical rod. To be able to do 
any better, we need to "divide" the physical rod 
into smaller parts. Within Newton's overall the- 
oretical scheme, this is, evidently, the conceptual 
origin of the involved experimental limitations of 
the distance measurement. However, in principle, 
the distance measurements can be as accurate as 
desired in Newton's theory. 

But, when the concept of force is abandoned, as 
has to be the situation with the "universal theory 
of relativity," the aforementioned newtonian con- 
ception of an "extended physical object" too will 
have to be suitably replaced. 



Now, Bohr's approach [11] permits us to postu- 
late, notably, an exactly localizable material point, 
a classical newtonian particle, to represent a phys- 
ical body but shifts the onus of the indeterminate- 
ness of its location entirely on the process of mea- 
surement, a physical process constituted "exter- 
nally" to the system being observed. 

The use of classical concepts to describe an ex- 
perimental arrangement is the basis of Bohr's ap- 
proach. Recall from [11]: 

<|k ... by the word "experiment" we refer to a 
situation where we can tell others what we have 
done and what we have learned and that, therefore, 
the account of the experimental arrangement and 
of the results of the observations must be expressed 
in unambiguous language with suitable application 
of the terminology of classical physics. 

This crucial point, implies the impossibility 
of any sharp separation between the behavior of 
atomic objects and the interaction with the mea- 
suring instruments which serve to define the condi- 
tions under which the phenomena appear. ... Con- 
sequently, evidence obtained under different exper- 
imental conditions cannot be comprehended within 
a single picture, but must be regarded as com- 
plementary in the sense that only the totality of 
the phenomena exhausts the possible information 
about the objects. 

Under these circumstances an essential element 
of ambiguity is involved in ascribing conventional 
physical attributes to atomic objects, as is at once 
evident in the dilemma regarding the corpuscu- 
lar and wave properties of electrons and photons, 
where we have to do with contrasting pictures, 
each referring to an essential aspect of empirical 
evidence. ... 4^ 

Bohr then insists on the use of "classical ideas" 
(including the concept of force) for the "descrip- 
tion" of the quantum properties of matter. Only 
the "classical concepts" permit him an experimen- 
tal arrangement to be constituted externally to the 
system being observed because these concepts in- 
volve agencies, forces, fundamentally external to 
any conceivable system. 

But, the newtonian point-particle then cannot 
describe the "evidence" related to the wave phe- 
nomena displayed by electrons, say. As shown by 
Heisenberg [4], the corpuscular picture is limited 
by the indeterminacy relations, which are then in- 
terpreted to mean a definite lack of sharp distinc- 
tion between the interaction of electron with the 
instrument and the observed physical phenomenon 
involving electrons. 

Bohr's is then a "hybrid" approach that uses 
classical concepts without "fundamentally chang- 
ing" those concepts. But, it associates probability 
aspects with the classical concepts. 
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Recall from [11]: 

4k ... any arrangement suited to study the ex- 
change of energy and momentum between the elec- 
tron and the photon must involve a latitude in the 
space-time description of the interaction sufficient 
for the definition of wave-number and frequency ... 
Conversely, any attempt of locating the collision 
between the photon and the electron more accu- 
rately would, on account of the unavoidable inter- 
action with the fixed scales and clocks defining the 
the space-time reference frame, exclude all closer 
account as regards the balance of energy and mo- 
mentum. 

... an adequate tool for a com,plementary way 
of description is offered precisely by the quantum 
mechanical formalism which represents a purely 
.symbolic scheme permitting only predictions, on 
lines of the correspondence principle, as to results 
obtainable under conditions specified by means of 
classical concepts. ... Thus, a sentence like "we 
cannot know both the momentum and the position 
of an atomic object" raises at once questions as to 
the physical reality of two such attributes of the 
object, which can be answered only by referring 
to the conditions for the unamMguous use of the 
space-time concepts, on the one hand, and dynam- 
ical conservation laws, on the other hand. While 
the combination of these concepts into a single pic- 
ture of a causal chain of events is the essence of 
classical mechanics, room for regularities beyond 
the grasp of such a description is just afforded by 
the circumstance that the study of the complemen- 
tary phenomena demands mutually exclusive ex- 
perimental arrangements. 4^ 

When the classical concepts are retained without 
fundamental modifications, the "quantum postu- 
late" imposes the viewpoint that certain classical 
concepts are "complementary" in accounting for 
the physical experiences. 

Bohr [7, 11] then explains the indeterminacy re- 
lations as mathematical realizations of the comple- 
mentarity of the involved classical conceptions and 
supports their probabilistic basis. 

Recall, once again from [11], that Bohr had been 
"critical" of even the conceptual foundations of the 
relativity theory: 

4t ... causal description is upheld in relativity the- 
ory within any given frame of reference, but in 
quantum theory the uncontrollable interaction be- 
tween the objects and the measuring instruments 
forces us to a renunciation even in such respect. 4^ 
and went on to express optimism that: 

4|k ... the viewpoint of complementarity m,ay be 
regarded as a rational generalization of the very 
ideal of causality. 4> 

Whether this optimism can be upheld in a "hy- 
brid" approach, as is Bohr's, is doubtful. 



Now, as seen before, certain newtonian concepts, 
in particular, the concept of force, will have to 
be fundamentally abandoned to accommodate the 
General Principle of Relativity. 

Consequently, in the context of various implica- 
tions of the General Principle of Relativity, Bohr's 
complementarity hypothesis will be "limited" as an 
explanation of the indeterminacy relations whose 
basis must now be sought within only the context 
of those implications. 

Thence, in relation to the above discussion, we 
now recall from § ID that, in the Universal Theory 
of Relativity, transformations of the points of the 
underlying space arc to replace, naturally, the no- 
tion of force in Newton's theory. A transformation 
of the points of the underlying space is the only 
"cause" of the motion of a chosen material body 
in the universal theory of relativity. 

Then, a transformation of the underlying space 
can be performed which does not affect the ma- 
terial body whose location is being measured, but 
"moves" only the measuring rod in use in the man- 
ner desired by the observer for the involved mea- 
surement. Notably, such a transformation is to 
represent then "all" the actions, including that of 
the (electromagnetic) radiation, if any, in the same 
measurement process. 

Now, if a material body were to be representablc 
as an "exactly localizable material point" within 
this theoretical framework then, it would be pos- 
sible to measure the "exact" location of that ma- 
terial body by employing a transformation of the 
aforementioned type. 

[In this context, we note that force in Newton's 
theory can be looked upon as a transformation of 
the points of the Euclidean space. Newton's the- 
ory represents a physical body as an exactly lo- 
calizable material point. Then, it is possible in 
Newton's theory to measure the exact location of 
the material point because a transformation that 
does not affect the material point but moves only 
the measuring rod is permissible.] 

In other words, we could locate, exactly, a ma- 
terial point by moving a measuring rod by its 
side without affecting the location of that mate- 
rial point since a transformation of the underlying 
space that achieves this, including Light to "see" 
the process, is, now, thinkable. 

This would, however, violate the indeterminacy 
relations which arise, naturally, from the quantum 
postulate that has the impeccable support of the 
empirical evidence of great value. 

Then, in the context of the General Principle 
of Relativity, the quantum postulate implies that 
it must be im,possihle in the theory to hypothesize 
an exactly localizable material point to represent a 
physical object. Hence, an intrinsic indeterminacy 
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in the location of a material point representing a 
physical body is implied here. 

In the Universal Theory of Relativity, the origin 
of Heisenberg's indeterminacy relations will then 
be a combination of this intrinsic indeterminacy 
in the location of a material point representing a 
material body and the transformation of the un- 
derlying space that is the "cause" of the motion of 
that material point. 

An "act of observation" involves transformation 
of points of the underlying space representing the 
observed physical system and also of points of the 
space representing the used measuring apparatus. 
Then, transformations of the underlying space and 
intrinsic indeterminacies are the keys to quantum 
aspects of matter. 

Now, a transformation of the points of the im- 
derlying space is to represent unique evolution of a 
physical system fixed deterministically by the ini- 
tial conditions. (See, for details, § 11.) Then, an 
observation of a physical system may involve the 
"disturbance" of that particular system, but not an 
uncontrollable or unpredictable disturbance. The 
viewpoint that "any act of observation of a physi- 
cal system involves, necessarily, an uncontrollable 
disturbance of that physical system" will have to 
be rested therefore. 

The quantum hypothesis thus acknowledges the 
existence of an intrinsic indeterminacy in the very 
conceptualization of a material point to represent a 
physical body. The mathematical formalism of the 
universal theory of relativity must then respect this 
acknowledgement. This is, now, the "true essence" 
of the quantum postulate. 

Then, having renounced newtonian conceptions 
at a fundamental level, we needed to "reanalyze" 
various such aspects as discussed above. 

Recapitulating, moving a material body from its 
given "location" should cause changes to the con- 
struction of the coordinate system and, hence, to 
the "physical geometry" because the construction 
of the coordinate system is the basis of the "metric 
function" of the geometry. 

In turn, "given the metric or the distance func- 
tion of the geometry" we would know how the to- 
tality of all the material bodies are "located" rel- 
ative to each other. 

Hence, the physical geometry is determined by 
material bodies which, in turn, are also determined 
by the physical geometry. 

However, the issue remains of physical charac- 
teristics of material bodies such as, for example, 
their inertia, electrostatic charge etc. 

Recalling implications of the quantum postulate 
here, these physical "qualities" of material bodies 
must, basically, be "definable" for various subsets, 
but not for any singleton subset, of the underly- 



ing space. (A singleton subset would otherwise be 
an "exactly localizable" material point.) But, such 

aspects belong to the framework of the mathemat- 
ical theory of measures [34, 35] . 

The physical "qualities" of matter are then to be 
treated as measures defined on certain subsets of 
the underlying continuum. Such subsets are then 
the basic physical objects for the universal the- 
ory of relativity and each physical object can be 
viewed, necessarily, as a measurable set [34, 35] of 
the corresponding measure space. 

But, a measure can be averaged over a measur- 
able set, the average being a property of each point 
of that set. The averaged measiirc then provides 
[3, 33] the non-singular notion of a point-object 
with the physical characteristics. 

But, the "location" of the point-object so de- 
fined is indeterminate within the measurable set. 
This mathematical situation is precisely in accord 
with the requirement as imposed by the quantum 
postulate on the mathematical formalism of the 
universal theory of relativity. 

Then, the physical distance separating two ma- 
terial objects is the appropriate mathematical dis- 
tance between the corresponding measurable sets. 
"Kinematical" quantities such as "velocity" and 
"acceleration" (for one measurable set relatively to 
another measurable set) involve change in the so- 
defined physical distance under the action of the 
transformation of the underlying space. The 
parameter t of "defines" time in an appropriate 
sense as will be discussed later in § II. 

Various physical phenomena can then arise from 
the eflfects of transformations of the underlying 
space on the measurable sets and the measures de- 
fined on them. This is then the framework of the 
theory of dynamical systems. 

Then, these ideas as well as their mathematical 
renderings are, evidently, fundamentally different 
from those of Newton's theory, of special relativity 
and, of orthodox quantum theory. 

Notably, there "do not occur" any "physical con- 
stants" to be "specified by hand" in this above 
framework. But, all the physical constants can 
arise in this framework only from "mutual relation- 
ships" of involved physical objects, just exactly as 
we determine them experimentally. 

For example, consider the phenomenon of grav- 
itation within the present conceptual framework. 
It involves the action of for which the "acceler- 
ation" experienced by one measurable set, in rela- 
tion to another reference measurable set, is inde- 
pendent of the "measure" defined on that set, but 
is proportional to the measure defined on the ref- 
erence measurable set, both measure classes being 
invariant under T^. (In general, measures change 
under the action of T^.) 
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Newton's gravitational constant then "arises" 
when "acceleration" is expressed as the "inverse- 
square" of the physical distance. (This demonstra- 
tion is, of course, somewhat involved, and will be 
the subject of an independent study.) Clearly, the 
possibility of theoretically obtaining the "value" 
of Newton's constant of gravitation can be seen to 
arise in this manner within the overall framework 
of the Universal Relativity. 

Furthermore, it should also be equally clear that, 
within universal relativity, other physical constants 
can similarly "arise" from different permissible sit- 
uations, mutual relationships of measurable sets 
and the effects of transformations of the underly- 
ing space on them. 

Clearly, the "values" of such physical constants 
cannot be changed "without" destroying the the- 
ory and this situation is, precisely, as per Einstein's 
theorem [16] (p. 63) quoted earlier. 

This above is recognizable as an extremely im- 
portant issue for any complete physical theory. 
Whether such theoretically obtained values of the 
fundamental physical constants are also their ex- 
perimentally determined values is then another ex- 
tremely important issue for us. 

Notably, an observer, possessing any conscious- 
ness or not, has only the "background" role to play 
in the Universal Theory of Relativity. Nowhere 
in this theory, in its explanations of physical phe- 
nomena, do we require the "intervention" by an 
"observer." The problems of incorporating a con- 
scious observer within its conceptual framework do 
not therefore arise. Newton's theory also had the 
same role for an observer. 

Transformation of the underlying space is then 
a unique evolution of the points of the space. It 
therefore represents unique evolution of a physi- 
cal system "fixed" deterministically by the initial 
conditions. Consequently, the Universal Theory 
of Relativity provides therefore [16] "the complete 
description of any individual real situation as it 
supposedly exists irrespective of any act of obser- 
vation or substantiation." 

Importantly, it should also be clear at this stage 
of our considerations that in pursuing the Univer- 
sal Theory of Relativity we shall be led to explana- 
tions of general physical phenomena that are "rad- 
ically different" from those of the newtonian ways 
as well as from those of the ways of the orthodox 
(probabilistic) quantum theory. 

In this above context, it needs to be stressed, and 
re-stressed, that all the known ex p erimental results 
would be ex p lainable within the overall framework 
of the Universal Theory of Relativity by treating 
the "standard forces" as corresponding transfor- 
mations of some suitable space underlying the Uni- 
versal Theory of Relativity. 



Needless to say, we will then have to analyze, in 
the framework of Universal Relativity, each of the 
known physical phenomena case by case to check 
if certain new predictions are permissible for the 
case under study. 

An example of such a type is provided in § III 
in the form of an analysis of the torsion balance 
experiment. In particular, the use of the newtonian 
gravitational force implies that the torsion balance 
will always be torqued when some external masses 
are moved around it. 

As had been remarked earlier, the existence of 
torqued motion of the torsion balance is explain- 
able in Universal Relativity by treating the new- 
tonian total force on it as a corresponding trans- 
formation of the space underlying the Universal 
Theory of Relativity. 

However, in Universal Relativity, there does oc- 
cur a situation when the transformation of the un- 
derlying space does not act on the torsion balance 
to produce its oscillatory motion even when the 
external masses are moved around it. In this situ- 
ation, a null result obtains irrespective of the speed 
of motion of external masses. 

Certainly, a very careful torsion balance experi- 
ment involving dy namic measurements needs to be 
designed to verify this null effect situation. Per- 
haps, some very carefully selected geometrical de- 
sign of the torsion balance experiment may also be 
needed for this purpose. 

We conclude this section, §1, with the follow- 
ing remarks that highlight the spirit behind our 
endeavors of this discussion. 

The approach followed in this discussion, of § I, 
presents the Universal Theory of Relativity as 
an appealing, but not as a simplest, system of 
thoughts. We essentially developed the physical 
foundations of this theory as being psychologically 
"natural" or appealing. 

One could however perceive this approach as also 
being a logically compelling one. This is primar- 
ily because, apart from the concept of transfor- 
mation of suitable space, there appears to be no 
another sufficiently general mathematical concept 
to replace the newtonian notion of force, it also 
being in conformity with the general principle of 
relativity and, simultaneously, allowing the physi- 
cal constructions of reference frames to be affected 
by motions of other bodies. 

Granted this above and having then laid the 
physical foundations for the Universal Theory of 
Relativity in sufffcient details, let us now turn to 
mathematical aspects implied by these consider- 
ations. Mathematical foundations for this theory 
then rest on the mathematical theories of measures 
and dynamical systems, both. This much is a cer- 
tain conclusion of the above. 
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II. MATHEMATICAL FOUNDATIONS OF 
THE UNIVERSAL THEORY OF 
RELATIVITY 

In Einstein's (and Descartes's) conceptions [9], 
physical geom.etry is not any inert stage for the 
physical fields. This notion of physical geometry 
will be made precise in the following. 

As we aim to interest general physics community 
here, we provide below basic mathematical notions 
[30-32, 34, 35] to be used frequently. A knowledge- 
able reader may wish to skip it. 



A. Preparatory Mathematical Notions 
Sets, Topologies, Groups, Measures ... 

Let N be the set of natural numbers, Q that of 
rational numbers, M that of real numbers, 2 the 
binary set {0, 1} and Z the set of integers. 

A collection of all subsets of a chosen set X is 
a Power Set . ViX), of X. A set of all fc-tuples, 
{xi,X2, Xk), of elements of X is X''. The set of 
all finite sequences of elements of X, including the 
empty sequence, is X"^^. 

A family of nonempty sets is said to have the 
finite intersection property if the intersection of ev- 
ery finite subfamily of is nonempty. 

A cartesian p roduct of sets X and F is a set 
X xy of all ordered pairs {x, y) with x & X and y G 
Y. A cartesian product of a sequence of sets Xi, 
X2, Xn will be, usually, denoted by 11^=1 -^i '^^ 
by xUXi. 

A relation R : X ^ Y is any set of ordered pairs 
{x, y). Note that R <Z X xY . A set of all ordered 
pairs {y,x) whenever {x,y) G i? is an inverse re- 
lation R~ ^ . A com p osition of relations / and g 
is a relation g o f — {{x, z) : for some y, {x, y) G f 
and (y, z) G g}. The set AX = {(a, a) : a G X} is 
the diagonal ( relation ) on set X. 

The set Gf = {{x,y) & X xY : y ^ f{x)] is 
called as the graph of /. The set X is called the 
domain and the set Y is called the co-domain of 
/. The element a; S X is called the pre-image of 
y eY liy = f{x). The set {f{x) : a; G X} is called 
the rang e of /. 

A single-valued relation is a function , map or a 
transformation . It can be many to one. A function 
/ : X ^ M is sim ple if its range is finite. 

A function / : X ^ y is injective or 1-1 if for 
all a;,y G X, f{x) = f{y) ^ x = y. A fmiction 
/ : X — > y is surjective or onto if for each y G y 
there is some x G X such that f{x) = y. A 1-1 and 
onto function is bijectiye. A bijection p : A — > A 
is called a p ermutation of the set A. 



The collection of all functions from set Y to set 
X forms a set which is denoted by X^. 

An e quivalence relation on a set X is a relation 
~ C X X X such that for all x,y,z & X 

{}) X 1^ X ( reflexive ) 

(ii) X ^ y =^ y X (sy mmetric ) and 

(iii) X y and y z => x ^ z ( transitive ). 

A set of all 2/ G X such that a; ~ y is the 
e quivalence class of x, denoted by R[x]. 

A family V of pairwise disjoint nonempty sub- 
sets of a set X such that IJ ■ Dj = X : £)j G f is a 
decomposition or p artition of X. 

There exists a 1-1 correspondence, ie, bijection, 
from the set of all equivalence relations of X and 
the set of all decompositions of X. 

The decomposition of a set X by an equivalence 
relation R is the quotient set of X by i? or set of 
quotient classes modulo R, denoted by X/R. The 
function p : X — > X/i?, p{x) = R[x] for x G X is 
the p rojection or quotient function . 

A strict order on X is a transitive relation, ie, 
{xRy and yRz) ^ xRz, and Va G X, (a, a) ^ R. 
For any strict order R, aRb and bRa => a = b for 
all a, 6 G X, anti-symmetry. 

Two sets A and B are e quinmiierous or of the 
same cardinality if there exists a 1-1 map, bijec- 
tion, / from A to B. A set A is finite if there is a 
bijection from {0, 1, ...,n}, n G N, onto A. If A is 
not finite, it is infinite . A set A is countable if it is 
finite or if there exists a bijection from N onto A. 
An uncountable set is not countable. 

To each set X we can associate a symbol, |X|, its 
cardinal number , such that X = Y <=^ \X\ and 
|y| are the same. Some cardinals are denoted by 
special symbols, eg, |{0, l,...,n — 1}| = n,n G N; 
|N| = Ho and \R\ = c. We can add, multiply as well 
as compare cardinal numbers by suitably defining 
cardinal arithmetic. 

Note that we have < |2f^| = 2^° = c, and 
Ho + Ho • Ho = Ho, and c" = = c (n > 1), 
and |Nf*| = c etc. 

If j4 C X, its characteristic function is a many- 
one map Xa ■ X ^ 2, where X^(a;) = 1 ii x E A 
and Xa (^) = otherwise. Then, A ^ Xa defines a 
1-1 map from V{X) onto the set 2-^ . Note that if 
a set X has n elements then, the power set V{X) 
has 2" elements. 

For an extended real- valued function / : X ^ M, 
the set {x G X \ f{x) 0} = Support (/) is a 
support of / on X. 

A real-valued function w : _E ^ M is said to 
dominate another function v : E M. ii v{e) < 
u{e) for all eG E. 
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A p artial order on a set P is a binary relation 
R which is reflexive, transitive and anti-symmetric. 

A set P with a partial order i? is a partially ordered 
set or a poset. A linear or total or sim ple order on 
a set X is a partial order Ron X such that for any 
x,y € X cither xRy or yRx holds. 

For any two sets X and Y, a p artial function 
f : X ^ Y is a. function with domain a subset of 
X and range contained in F . li f, g are two partial 
functions from X toY then, g is extension of /, or 
/ is a restriction of g, if domain(/) C domain((7) 
and f{x) = g{x) for all x G domain(/), and we 
write g h f OT f ^ g. If / is a restriction of g and 
domain(/) = A then, wc write / = g\A. 

A chain in a set P of a fixed poset {P, R) is a 
subset C of P such that R restricted to C is a 
linear order. An upp er bound for a set A C P is 
an a; e P such that yRx for all y ^ A. An x G P 
is called a maximal element of P if for no y G P 
different from x, xRy holds. 

An element xGLofa. linearly ordered set {L,<) 
is the first (last) element oi L ii x < y {y < x) for 
every y & L. A linearly ordered set L is order - 
dense if for every x < y there exists z € L such 
that X < y < z. Two linearly ordered sets arc 
order isomor p hic if there is a 1-1, order-preserving 
map from one onto the other. 

A well - order on a set is a linear order < onW 
such that every nonempty subset A of has a first 
element. If < is a well-order on W then (W, <), 
or simply W, will be called a well - ordered set . For 
w, w' € W, we write w < w' ifui < ui' and w ^ w' . 
A linearly ordered set {W, <) is well-ordered if and 
only if there is no descending sequence Wo> W\> 
W2 > ... in W. 

Zorn 's Lemma : If P is a nonempty poset with 
every chain in P having an upper bound in P, 
then P has a maximal element. Equivalently, we 
have the Axiom of Choice : If {Ai}i^j is a family 
of nonempty sets, then there is a choice function 
/ : I [J^Ai such that f{i) e Ai for every i € I. 
Equivalently, we have the Well Orderin g Princip le: 
every set can be well ordered. 

If Wi and W2 are two well ordered sets and 
if some / : Wi — » W2 is an order preserving 
bijection, we call the sets Wi and W2 as being 
order isomor p hic and / as an order isomorphism . 
We write Wi ~ W2. Order isomorphic sets are of 
the same cardinality. 

For well ordered set W, let w G W and w~ G W 
be such that w~ < w and suppose that there is no 
V G W satisfying < v < w. If existing, such 
w~ is a unique member of W and is the immediate 
p redecessor of w and w is the successor of . If 
a well ordered set W has an element w other than 
the first element with no immediate predecessor, 
such w €W is a limit clement of W. 



For W being a well ordered set and w G W, sets 
of the form W{w) = {u gW : u < w} are called as 
the initial se g ments of W. Note that a well ordered 
set W cannot be order isomorphic to an initial seg- 
ment W{u) of itself. 

Principles of induction on natural numbers ex- 
tend to generally well ordered sets in the form of 
the so called com p lete induction on well ordered 
sets - proof by transfinite induction . 

For two well ordered sets Wi and W2, let Wi -< 
W2 if W\ is order isomorphic to an initial segment 
of W2- Further, let Wi < W2 if either Wi -< W2 or 
Wi W2- Then, the Trichotomy Theorem of Well 
Ordered Sets states that for any two well ordered 
sets W and W, exactly one oiW ~^W',W ^ W; 
and W <W holds. 

To each well ordered set W , we can associate 
a well ordered set called the tvp e of W , 

such that W ~ t{W) and if W is another well 
ordered set then, W ^ W t{W) = t{W'). 

The fixed types of well ordered sets are called the 
ordinal numbers and the class of the ordinal num- 
bers will be denoted by ON. Clearly, \W\ = \t{W)\ 
and, hence, a = t{W). We say that an ordinal 
a = t{W) is of cardinality k if \W\ = k. 

Every ordinal a can be uniquely written as a = 
f3 + n where /? is a limit ordinal and n finite. We 
call a even or odd if n is even or odd. 

An ordinal a will be called successor ordinal if 
a = p + 1 for some /3, otherwise it will be called a 
limit ordinal . Note that a is a limit ordinal if and 
only if any well ordered set W such that a = t{W) 
has no last element. 

A set of all countable ordinals is an uncountable 
well-ordered set, denoted by Ui, and the type of 
t{uJi) will also be denoted by wi. Then, uii is 
the first uncountable ordinal . Cardinals are identi- 
fied with initial ordinals, and each is then denoted 
by the symbol K. Cantor 's Continuum H yp othesis 
states that c = Hi. 

Ordinal numbers can be added, multiplied and 
compared by defining, suitably, the ordinal arith- 
metic with ordinal addition and multiplication as 
non-commutative operations in ON. 

Now, for s G A"^^, A non-empty set, let |s| be 
the length of s. Let s = (co, ai, a„_i) G A^'* 
and m < n, we write s\m = {ao,ai, ■■■,am-i)- If 
t = s\m, we say that t is an initial segment of 
s or that s is an extension of t, and we write 
t ^ s OY s )^ t. We write t ^ s ii either t -< s 
or t = s. We say that s and t are compatible if 
one of them is an extension of the other, other- 
wise they are said to be incom p atible , written S-Lt. 
The concatenation (a,,, ai, a„_i, bo, 61, 6m-i) 
of s = (ao,ai, ...,a,^-i) and t = {bo,bi, ...,bm.-i) 
will be denoted by s t. 
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Then, a tree , T, on a set ^ is a nonempty subset 
of ^<'^ such that if s e T and t -< s then t e T. 
Empty sequence e belongs to all trees. Elements 
of T are called nodes of T. A node m of T is called 
terminal if for no a € ^, ua G T. A tree is called 
finitel y sp littin g if for every node s of T, the set 
{a € A : sa G T} is finite. The body of a tree T on 
a set A is the set [T] = {a G : Vfc {a\k G T)}. 
Members of [T] are the infinite branches of T. A 
tree T is called well - founded if its body is empty 
and if [T] ^9,T is called ill- founded . 

A tree T is well-founded if and only if there is 
no sequence {s„} G T such that ... y Sn >- ■■■ >- 
Si ;^ So. If T is a tree and u a node of T then, the 
set r„ = {t; G ^< : ul) G T] forms a tree. 

Konig's Infinity Lemma states and proves that 
a finitely splitting, infinite tree T on a set A is ill- 
founded. For a tree T on a finite set A, [T] 
^ (Vfc G N) (3u G T) {\u\ = k). Sets {e}, N<'^ 
etc. form trees on N. 

Consider a tree T on a well ordered set {A,<,). 
Fix nodes s = (oo, ai, a„_i) and t = (60,61, 
...,hm-i) of T. Set s t if either t -< s or if 

there is an i = min(m, n) such that aj = bj for 
every j < i and < bi. Set s <j^g t if either 
s <j^g t 01 s = t. The ordering <j^g, the Kleene- 
Brouwer order , is a linear order on T. 

A tree T on a well ordered set A is well founded 
if and only if is a well order on T. Transfinite 
induction extends to well founded trees. 

For a well founded tree T, define : T ^ ON 
by (u) = sup {p^ {v) + 1 : u ^ v,v € T} , u & T. 
Define p^ = p^ (e) and call it the rank of T. 

Note that {u) = if w is terminal in T. Note 
also that every well founded tree on the set 2 is of 
finite rank. 

Of importance is Cantor 's Ternary Set C defined 
as follows. Take Co = [0, 1]. Suppose C„ is defined 
and is a union of 2" pairwise disjoint closed inter- 
vals {Ij : 1 < J < 2"} of length 1/3" each. Obtain 
Cn+i by removing the open middle third of each 
/,-. Finally, put C = n„C„. 

Now, let !F be some family of subsets of a set X. 
Then, let = {UneN^n ■ A„ G T} and Tg = 
{HraGN^" • ^ ■ family of finite unions 
(intersections) of sets in will be denoted by !Fs 
[Td). Also, let -^T={A(ZX: X\A&J^} where 
X \ A = A"^ denotes the complement of A in X. 
Then, evidently, 

C J^a, C Ts, ^<T = ~'(~'-^)5, ^6 = ~'(~'-^)o- 

For a non-empty set X, a family 

{^: SG ^<N} 

of subsets of X is a sy stem of sets , usually written 
{Ag}. A system of sets {Ag} is called re gular if 
As C At whenever s y t. 



Now, define 

■AA{As})= u n^«i" 

In all the interesting cases A is finite or = N. 
When A = N, we write A for Aj^ and call it 
the Souslin o p eration . The Souslin operation is 
idem p otent : A{A{J^)) = A{J^). The Souslin op- 
eration involves uncountable unions, li A = 2, we 
write A2 for A^^ . 

For the family !F of subsets of a set X, let 

A^{:F) = {A^ {{As}) ■.As&T;s&A<^) 

be the family of sets obtained by applying the 
Souslin operation on a system of sets in T. Then, 
for every family !F of subsets of X, we have 

T,T^,Ti C AiT) 

For s G N<'^, let S(s) = {a G : s a} and 

= rife U|s|=fe [^s X S(s)]- Then, it is seen that 
A{{As}) = TT^ (B), where tt^ : X x ^ X is the 
'projection map. 

Now, any family T of subsets of X, with X 
and being its members and such that it is closed 
under arbitrary unions and finite intersections, is 
called a Top olog y on X. A pair (X, T) is called a 
topolog ical Sp ace . Set ^ G T is open. Set A C X 
is closed if AT \ A is open. Sets can be simulta- 
neously open and closed, ie, clopen, eg, X and 0, 
trivially. There can be non-trivial clopen sets in a 
topology on a set X. 

For Q C V{X), there exists topology T on X 
containing Q such that if T' is any topology con- 
taining 0, then T (~T' . The family Q is said to 
g enerate the topology T on X or ^ is a subbase 
for the topology T on X. li Q is countable, T is a 
countabl y g enerated topology. 

A base for a topology T on X is a family B of 
sets in T such that every f/ G T is a union of 
elements in B. If ^ is a subbase for T, then the 
family of finite intersections of elements of 5 is a 
base for the topology T. A topological space is said 
to be second countable if it has a countable base. 
A subspace of a second countable topological space 
is second countable. 

A space (X, T) is zero - dimensional if its base 
consists of clopen sets. Product of a family of zero- 
dimensional spaces is zero-dimensional. 

For any AQ X, c\{A) denotes the intersection of 
all closed sets containing A and is called the closure 
of A. It is the smallest closed set containing A. 
The largest open set contained in a set A C X is 
called the interior , int(A), of A. Any set U with 
X G int(f7) is a nei g hborhood of x. 
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An element a; € X is an accumulation p oint of 
AC X if every neighborhood of x contains a point 
of A other than x. The set of all accumulation 
points of A is a derivative set of A, denoted by A'. 
The elements of ^ \ ^' are the isolated points of 
A. A set A C X is dense - in- itself if it is non-empty 
and has no isolated points. 

A set £) C X is dense in X ii U f]D ^ 9 for 
every non empty open set U. A topological space 
X is sep arable if it has a countable dense set. 
is a separable topological space. 

For A C X in {X, T), a family U of sets whose 
union contains A is called a cover of A. A subfam- 
ily of U that is a cover of A is called a subcovcr . 
The set A is called compact if every open cover of 
A admits a finite subcover. 

If X is a compact space, every closed subset of 
X is compact. Notably, any closed and bounded 
subset of M? is compact. Also, the Cantor ternary 
set is closed and bounded and, hence, is compact 
in/= [0,1]. 

A map f : X ^ Y , X and Y being topological 
spaces, is called continuous if and only if /~ ^ (V) is 
open (closed) in X for every open (closed) subset 
V in Y. 

A continuous image of a compact space or its 
compact subset is compact. 

A function f : X ~^Y is a, homeomor p hism if it 
is a bijection and both / and /~ ^ are continuous. 
A homeomorphism / from X onto a subspace of Y 
is called an embeddin g. 

A subset ^ of a topological space X is called 
as a retract of X if there is a continuous function 
f : X ^ A such that f\A is an identity map. 
In such a case, / is called a retraction . If X is 
mctrizable, A = {x E X : f{x) = x} is closed 
when A is a retract and / a retraction. 

A metric s p ace is a pair (X, d) where X is a set, 
d:XxX^Kisa (real-valued) metric function 
that satisfies, V x,y,z€X, 

(a) d{x, y) > and d{x, y) = iS x = y, 

(b) d{x,y) = d{y,x) (Symmetry property), and 

(c) d{x,z) < d{x,y)+d{y, z) (Triangle inequality) . 

A p seudo-metric space is a pair {X, i) where X 
is a set, £:XxX— >Risa p seudo-metric function 
that satisfies, V x,y,z G X, 

(a') i{x, y)>0 and e{x, x)=0 

as well as the above properties (b) and (c) of the 
metric function. 

Define on set X of a pseudo-metric space {X, £) 
an equivalence relation, ~, such that x ~ y iff 
i{x,y) = 0. Let Y ^ {-^ [x] : x & X}. Further, 
define for A, B G Y a canonical metric function on 



Y as e{A, B) = i{x, y) where x £ A and y G B. 
Now, let n : X ^ y be the natural projection, 
ze, for X G X, Il{x) = {y E X : x ^ y} =^ [x]. 
The function 11 is an isometry: it preserves the 
canonical metric function e. 

Define B{x,r) = {y G X : d{x,y) < r}, where 
X G X and r > 0, as an op en ball with center x 
and radius r. Then, defining the family T as the 
set of all subsets U ofX such that U is the union of 
a family of open balls in X, we obtain a topology 
induced by the metric d on X . 

A topological space (X, T) whose topology is in- 
duced by the metric d is a iuc;trizable (topolog ical ) 
sp ace . (A pseudo-metric topology is defined ex- 
actly as the metric topology.) 

Two metrics di and d2 (or two pseudo-metrics 
£i and £2) on a set X are said to be topolog icallv 
e quivalent to each other if they induce the same 
topology T on X. 

For any two points x = {xi,X2,X3) and y = 

{yi,y2,yj.) in M?, d{x,y) = ^ELi (-^^ - Vi)"^ is 
called the usual ( Euclidean ) metric of M? . It in- 
duces a usual topolog y on M^. 

For any set X, function d: d(x,y) = if x = y 
and d{x, y) = 1 otherwise, defines a discrete metric 
on X. Discrete metric induces a discrete to p olog v 
on X consisting of all subsets of X. 

Let {x„ } be a se quence of elements of X of (X, d) 
and X G X. {xn} is said to conver ge to x, written 
Xn ^ X ov lima;„ = x, if d{xn, a;) — > as n — »■ 00. 
Such an x is called the hmit of {a;„}. A sequence 
can have at most one limit. 

A function / : (X, d) — > {Y, p) is called uniformly 
continuous on X if for any e > 3 ^ > such that 
d{x,y) < S ^ p{f{x),f{y)) < e for any x,y G X. 
A function / : (X, d) {Y, p) is an isometry if 
p{f{x),f{y)) = d{x,y)yx,yGX. 

A subset of a metrizable space is called a G^-set 
if it is a countable intersection of open sets. Hence, 
a closed subset of metrizable space is a Gs set. The 
complement of a Gs set is called as an i^o-set. It 
is a countable union of closed sets. Every open set 
of a metrizable space is an F^- set. 

Let fn,f'- (X, d) {y,p)- Then, the sequence, 
(/„), of functions is said to conver ge pointwise to / 
if for all X, fn{x) f{x) as n ^ 00. Furthermore, 
we say that /„ converg es uniforml y to / if for any 
e > 0, there exists N G N such that whenever 
n>N,p (/„(x), /(x)) < e for all x G X. 

A map / : X ^ M, X a metric space, is called 
as upper- semicontinuous ( lowcr - scmicontinuous ) 
if for every real number a, the set {x G X : f{x) > 
a} {{x G X : f{x) < a}) is closed. 

A sequence {xn} in a metric space (X, d) is 
called a Cauchy se quence if for every e > 0, there is 
N gN such that d (a;„, Xm) < e for all m,n> N. 
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A metric d on set X is called complete metric if 
every Cauchy sequence in {X, d) is convergent. A 
metric space is called com p lete if d is complete on 
X. A metric that is topologically equivalent to a 
complete metric need not be complete. 

An arbitrary subspace of a complete metric 
space need not be complete but a closed subspace 
is. R'^ with the usual metric is complete. 

A topological space X is called locally compact 
if every point of X has a compact neighborhood, 
is a locally compact space. 

If {Xi : ?■ e /} is a family of topological spaces, 
X = Yiiei-^i^ 9,nd TTi : X ^ Xi, i G I, then 
the smallest topology on X making each projection 
map TTi continuous is called the p roduct topology. 
The set {tt" ^(f ) : U open in Xj, i e 7} is a sub- 
base for the product topology. 

For any set A C X , wc define diameter(A) = 
Slip {d{x,y) : e A}. Clearly, for set A C X, 
diameter(yl) = diameter (cl( A)). 

A topological space is completely metrizable if 
the topology is induced by a complete metric. A 
separable, completely metrizable topological space 
is called a Pohsh s p ace . Clearly, every second 
countable, completely metrizable topological space 
is a Polish space. 

Any countable discrete space is Polish. N and 
2 with discrete topologies are Polish. M, M", / = 
[0, 1], /" with the usual topologies are Polish. Ev- 
ery Gs subset of a Polish space X is Polish. The 
product of countably many Polish spaces is Pol- 
ish. N^, the Hilbert Cube H = [0, 1]^ and the 
Cantor space 2^ = C are Polish. 

Note that the space is homeomorphic to the 
space of positive irrational numbers in the open 
interval (0, 1). The homeomorphism is achieved by 
associating an infinite sequence (rio, rii, n2, ...) to a 
continued fraction l/(no -|- (l/^ii -|- (1/ti2 + •••))) ^ 
(0, 1). Therefore, we shall also refer to T = N'^ as 
the sp ace of irrational numbers . 

Notice that each of the topological spaces T x T, 
T*^, k=l,2, 3, T'^ X {k, 1 = 1,2, 3...) and 
are homeomorphic to N^. 

Every Gs subset of N'^ is homeomorphic to a 
closed subset of N^. Every Polish space is a con- 
tinuous image of N"**. 

For every Polish space X, there is a closed set 
7" C and a 1-1, continuous surjection g : F ^ 
X such that g{Uf]F) is an set in X for every 
open set U eN^. 

Every uncountable Polish space X contains a 
homeomorph of the Cantor Ternary Set and a 
homeomorph also of N^. Every uncountable Polish 
space is of cardinality c. 

Every closed subspace of a Polish space is Pol- 
ish. If Xg, Xi, X2, ... is a finite or infinite se- 
quence of Polish spaces then, so is their product 



Y = Hi^o -^i ^ Polish space. Every compact met- 
ric space is a Polish space. 

Spaces and C arc important to us. A com- 
plete metric on compatible with its topology is 
p{a,P) = 1/ (min{n : a{n) ^ /3(n)} + 1) iia /3 
and p{a,P) = otherwise. For s £ let 
S(s) = {a e : .s ^ a}. The family of sets 
{E(s) : s e N<"} is a clopen base for N'^. Hence, 
N'^ is a zero-dimensional Polish space. 

For each s € N<^, T,{s) is homeomorphic to N'^. 
Every Gs subset of is homeomorphic to a closed 
subset of N". 

Also, for every Polish space X, there is a closed 
subset F C N*^ and a 1-1, continuous surjection 
g : F ^ X such that g{Uf]F) is an F^ set in X 
for every open set U in N'^. 

Let A be a discrete topological space and the 
set X = be equipped with product topology. 
Then, X is a zero-dimensional completely metriz- 
able space, it is Polish if and only if A is countable. 
The set {a e : s a} with s e A< is the base 
for its topology. We also denote it by S(s). 

If / is a continuous function on a subset of a 
metric space with values in a Polish space Y then, 
there exists a continuous extension of / to a Gs 
set. Lavrentiev 's Theorem proves further that: Let 
A C X and B CY, X and Y being Polish spaces. 
Suppose / : ^ ^ B is a homeomorphism. Then, 
there exist Gs subsets A C Ai C X and B C Bi C 

Y and a homeomorphism fi : Ai —> Bi which 
extends /. 

A topological space X is a Polish space if and 
only if it is homeomorphic to a Gs subset of the 
Hilbert cube. Every Gs subset G of a completely 
metrizable (Polish) space is completely metrizable 
(Polish) . The converse of the above, Alexandrov 's 
Theorem , is also true. 

Let X be a compact metrizable space and Y 
a Polish space. Let C(X, Y) be the set of con- 
tinuous functions from X into Y. Let a com- 
patible complete on F be p and define S{f,g) = 
supj.gx P (.f (2^)7 .9(2;)) , ./, 9 & G{X, Y). It is a com- 
plete metric on C(X, Y). The topology on C{X, Y) 
induced by the complete metric 6 above is called 
the topology of uniform convergence . 

If {X, d) is a compact metric space and {Y, p) is 
Polish, then C{X,Y) equipped with the topology 
of uniform convergence is Polish. 

For non-empty A C X of {X,d) and G X, 
define d{x,A) = min{d{x,a) : a G A}. It is the 
distance from the point x to the set A. 

Now, for a topological space {X, T), consider the 
family ]K(X) of all non-empty compact subsets of 
X. The topology on K(X) generated by compact 
subsets of X of 'the form {K G K{X) : K C U} 
and {K G K{X) : Kf]U ^ (I\},U open in X, is 
called the Vietoris topolo gy. 
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The sets [[/<,, Ui, = {K e K{X) -.KCUo 
& JsT fl [/, ^ 0, 1 < i < n}, with Uo, Ui, Un open 
in X, form a base for IK(X). The set of all finite, 
non-empty subsets of X is dense in K(X). 

On the family K(X), we define the Hausdorff 
metric 6h as 

6h{K, L) = max ( max d{x, L), max d{y, K) I 

\x&K yeL J 

The Hausdorff metric 5h induces the Vietoris 
topology on IK(X). If X is separable, soisK(X). If 
{X, d) is a complete metric space, so is (K(X), 5h)- 
If {X,d) is Polish, so is {K{X),5h). 

If X is a metrizable space, then the set Kf{X) = 
{L G K{X) : L is finite} is an F„ set. Any com- 
pact, dense-in-itself set is called p erfect . Then, 
for a separable and metrizable space X, the set 
Kp{X) = {Le K{X) : L is perfect} is Gs- 

For a locally compact Polish space X and a 
base B{X) for its Polish topology, B{X) can be 
given a topology generated by sets of the type: 
(5 e B{X) : s{\k ^ %kSC\Ui ^%kS(^U2^ 
& & 5 Pi [/„ 7^ 0) where K ranges over the com- 
pact subsets of X and C/i, U2, Un range over 
open sets in X. It is called the Fell to p olog v. and 
B{X) with the Fell topology is Pohsh. 

A subset A of {X, T) is no-where dense if c\{A) 
has empty interior, ie, \{ X\ c\{A) is dense. For 
every closed set A, A\ int{A) is nowhere dense. 
Then, a set A is nowhere dense iff every nonempty 
open set U contains another nonempty open set V 
such that A^V = %. 

A set A C X is mea ger or of first cate g ory in 
X if it is a countable union of nowhere dense sets. 
Every meager set is contained in a meager F„ set. 
A set which is not meager is of second cate g ory in 
X. A subset A is co-meager in X if A" \ A is meager 
in X. j4 C X is co- meager in X iff it contains a 
countable intersection of dense open sets. 

Let {X, d) be Polish and d. a complete metric 
with diameter (A) < 1. Fix a nonempty set A. A 
Souslin scheme on X is a system {Fg : s € A^'*'} 
of subsets of X such that 

(i) cl(Fj-a) C Fs for all s and a 

(ii) for all a e A^, diameter (F(j|„) — > as n — »■ 00. 

A Souslin scheme is a Lusin scheme if in addition 
to (i) and (ii) above the following is also satisfied: 

(ni) for every s,t £ A< ^, s±t ^ Fsf]Ft=9. 

A Cantor scheme is a Lusin scheme with A = 2 
and each Fg is closed and nonempty. 

For a Souslin scheme {Fs:s6^<^}, equip 
A^ with the product of discrete topologies on A. 
Then, 



(a) the set D = {a £ A^ -.yn (F„|n 7^ O)} is a 

closed set. 

(b) The set n„ Pa\n = fin cl {Pa\n) is a singleton 

for each a & D. 

Define f : D ^ X as {/(a)} = fin = Fa\n as 
the associated ma p of the scheme. The map / is 
continuous. 

Further, ii F^ ^ X and Vs (F, = U„ 
the associated map / is onto X. For a Lusin 
scheme / is one to one and, for a Cantor scheme 
{Fs : s G 2^'*^}, / is an embedding in X. 

The Cantor - Bendixson Theorem proves that ev- 
ery separable space X can be written as X = 
Y[J Z where Z is countable. Y closed with no iso- 
lated point and Yf^Z — 0. Also, every uncount- 
able Polish space X contains a homeomorph of C 
and of N^^. 

An e quivalence relation F C X X X on a Polish 
space is closed (open, Gs, F„ etc.) if F is a closed 
(open, Gs,Fcr etc.) subset of X x X. 

An alg ebra on a set X is a collection A of subsets 
of X such that 

(a) X eA, 

(b) whenever A G A, A" = X \ A G A, 

(c) A is closed under finite unions. As X G ^, 

EE X'^ e A 

An algebra closed under countable unions is called 
as a (T-alg cbra . 

Note that any a-algebra is either finite or of car- 
dinality at least c. 

For any set X, Bi = {0,X} and B2 = V{X) 
are called the indiscrete and discrete (T-algebras, 
respectively. If the set X is an uncountable set 
then, A = {A C X : either A or A^ is countable} 
is a countable - cocountable cr-algebra. 

A measurable s p ace is an ordered pair (X, A) 
with A being a cr-algebra of the subsets of the set 
X. Members of the cr-algebra A are called as the 
measurable sets . 

An intersection of a non-empty family of cr- 
algebras on a set X is a cr-algebra. 

Let S be the family of all cr-algebras on X con- 
taining a family Q of subsets of X. Clearly, S is 
always nonempty. Then, the intersection of all the 
members of S is the smallest cr-algebra, a{Q), con- 
taining Q. (t{Q) is said to be g enerated hy Q. A 
cr-algebra A is said to be countably generated if it 
has a countable generator. 

If Ao, Ai, An € -4, ^ is a cr-algebra on set X, 
then the sets fin = {Un^nYi limsup„A„ = 

n„ [Jm>n and hminf„ An = U„ n™>„ will 

always Be some of the measurable sets in the mea- 
surable space (X, A) . 
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Now, for {X,A) with A = cr{Q), suppose x,y £ 
X are such that for every G G Q,x G G if and only 
if y e G. Then, for all A € A, x e A if and only if 
y G A because B = {ACX:xgA y G A} is 
a fT-algebra containing Q. 

Next, if (X.B) is a measurable space, Q a gen- 
erator of B, then there exists a countable Q' C Q 
such that A e (T(f/')- 

Let V C T'CX) and F C X. We set V\Y = 
{Bf]Y : B gV}. If {X,B) is measurable space 
and Y C X then, ;B|y is an induced g-alg ebra on 
Y, also called the trace of B. If Q generates B 
then, Q\Y generates B\Y. 

Unless stated otherwise, a subset of a m,easurable 
space will he assumed to he equipped with the trace 
or the induced a-algehra. 

A collection M of subsets of a set X is called 
monotone class if it is closed under countable 
non-increasing intersections and countable non- 
decreasing unions. The Monotone Class Theorem 
states that the smallest monotone class M. con- 
taining an algebra ^ on a set X equals <j{A), the 
cr-algebra generated by A. 

The cr-algcbra generated by the topology on a 
measurable space X is called a Borel g- al gebra and 
will be denoted by Bx- Sets in Bx will be called 
Borel in X . For an uncountable Polish space, the 
Borel cr-algebra is of cardinality c. 

Unless explicitly stated to the contrary, a metriz- 
able space will he assumed to be equipped with its 
Borel a-algehra. 

Note that the Borel cr-algebra of a metrizable 
space X equals the smallest family Bo (Be) of 
subsets of X that contains all open (closed) sets 
and that is closed under countable intersections 
and countable unions, ie, Bx — Bo — Be- 

The Borel cr-algebra Bx of a metrizable space X 
can also be seen to equal the smallest family of sub- 
sets of X that contains all open (closed) subsets of 
X and that is closed under countable intersections 
and countable disjoint unions. 

A measurable set A ^ of a measurable space 
{X, A) is an ^- atom if it has no non-empty mea- 
surable proper subset. No two distinct atoms in- 
tersect. A measurable space is atomic if X is the 
union of its atoms. For metrizable X, {X,Bx) is 
atomic, singletons being Bx-s^toms. 

A measurable ma p is a map / : {X, A) {Y, B) 
such that f~^{B) G A for every B gB. A map / 
is then measurable if and only if /~ ^{B) G A for 
every B G Q where Q generates B. 

A measurable function / : {X,Bx) iYjBy) 
is called Borel measurable or simply Borel . If X 
and Y are metrizable spaces then, every continuous 
function f : X ^ Y is Borel. 

Let {Xi,Ai), « € /, be a family of measur- 
able spaces and X = fl^Xi. The cr-algebra on 



X generated by {n^^{B) : B G Ai, i G l} where 
Wi : X ^ Xi are the projection maps, is called the 
p roduct cr-alg ebra . It is denoted by ^^Ai. It is 
the smallest a-algebra such that each tTj is mea- 
surable. The product cr-algebra on X x Y where 
{X, A) and (Y, B) are measurable spaces, will be 
denoted simply hy A^B. 

Unless stated otherwise, we shall assume that the 
product of measurable spaces is equipped with the 
product a-algebra. 

Now, let (/„) be a sequence of measurable maps 
from a space X to space Y, both measurable 
spaces, converging point-wise to /. Then, f : X ^ 
y is a measurable function. 

If X is a measurable space then, every Borel 
function / : X — > R is the point-wise limit of a 
sequence of simple Borel functions. 

If / : {X, A) (Y, B) and g : {Y, B) (Z, C) are 
measurable, then so is go/ : {X,A) {Z,C) mea- 
surable. Also, a map / : {X,A) — > (H-^ii^i A) 
is measurable if and only if its composition with 
each projection map is measurable. 

For metrizable spaces X and Y, let B{X,Y) 
be the smallest class of functions from X to Y 
containing all continuous functions and closed un- 
der taking point-wise limits of sequences of func- 
tions. Functions belonging to B{X,Y) are called 
the Baire fimctions . Every Baire function is Borel 
but the converse is not true. 

However, for every metrizable X, every Borel 
/ : X R is Baire. If a, 6 € R and /, g : X ^ R 
are Baire, then so is af + bg Baire. For B C X, 
with metrizable X, the map Xb : X ^ R is a 
Baire function. The Lebesgue-Hausdorff Theorem 
proves that every real-valued Borel function on a 
metrizable space is a Baire function. 

Some results that help reduce measurability 
problems to corresponding topological problems 
are as follows. 

Given a metrizable space (X, T) and sequence 
(Bn) of its Borel subsets, there is a metrizable 
topology T' such that T C T' C Bx and each 
Bn G T'. Topology generated by TIJ {_B„ : n G 
N} U {Bn : n G N} is such a topology. 

(If T and T' are topologies on X with T C T', 
then T' is finer or strong er or larg er than T and 
T is coarser or weaker or smaller than T'. Caution : 
coarser and finer or weaker and stronger are also 
used in the sense opposite to the above.) 

Next, if (X, T) is Polish then, for every Borel set 
B G X there is a finer Polish topology Tg on X 
with B clopen in Tb and cr(T) = a{TB). 

Also, for every sequence {Bn) of Borel sets in a 
Polish space (X, T) , there is a finer topology T' on 
X generating the same Borel cr-algebra and mak- 
ing each Bn clopen. Note also that every Borel 
subspace of a Polish space is Polish. 
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Moreover, let {X, T) be a Polish space, Y a sep- 
arable metric space and / : X — > y be a Borel 
map. Then, there is a finer Polish topology T' on 
X generating the same Borel a-algebra such that 
/ : {X, T') — > F is continuous. 

A Bernstein Set is a set A of real numbers with 
both ^ n ^ ^'^'^ \ ^) n ^ being uncountable for 
any uncountable closed subset C of M. 

A map / from a measurable space X to a mea- 
surable space Y is bimeasurable if it is measurable 
and f{A) is measurable for every measurable sub- 
set A oi X. A bimeasurable bijection is an iso- 
morphism. Thus, a bijection / : X — » F is an 
isomorphism if and only if both / and /~ ^ are 
measurable. If X and Y are measurable spaces 
and f : X ^Y, g -.Y ^ X are 1-1 bimeasurable 
maps then, X and Y are isomorphic. 

When X and Y are metrizable spaces equipped 
with Borel a-algebras and / : X ^ F is an iso- 
morphism, / is called a Borel isomorphism and, X 
and Y as Borel isomorphic . Note that the Borel 
(T-algcbra of a countable metrizable space is dis- 
crete and, hence, two countable metrizable spaces 
are Borel isomorphic if and only if they are of the 
same cardinality. 

A Standard Borel Space (SBS) is a measurable 
space isomorphic to some Borel subset of a Pol- 
ish space. Then, a metrizable space X is stan- 
dard Borel if {X,Bx) is standard Borel. A SBS 
equipped with a probability measure will be called 
a Standard Probability Space (SPS). 

For a compact metric space X, the space, 1C{X), 
of nonempty compact sets with Victoris topology, 
being Polish, is a standard Borel space. Interest- 
ingly, its Borel cr-algebra Bic(x) is generated by 
sets of the form {K G /C(X) : i^Tfl (7 7^ 0} where 
U varies over open sets in X. 

Now, let X be a Polish space and F{X) denote 
the set of all nonempty closed subsets of X. Equip 
F{X) with the cr-algcbra £{X) generated by sets of 
the form {F e £{X) : Ff]U ^(1)}, where U varies 
over open sets of X. The space {F{X),£{X)) is 
called the Effros Borel S p ace of X. 

If X is compact, £{X) = i3j(c(x), the Effros 
Borel space of a compact metrizable space is stan- 
dard Borel. The Effros Borel Space of a Polish 
space is standard Borel. 

For a Polish space X, the Borel space of F{X) 
equipped with the Fell topology is exactly the same 
as the Effros Borel Space as a compact subset of a 
Polish space is closed and bounded. 

Now, every standard Borel space X is Borel iso- 
morphic to a Borel subset of the Cantor space C. 
Next, for every Borel subset B oi a Polish space X, 
there is a Polish space Z and a continuous bijec- 
tion from Z to B. The Borel isomorphism theorem 
states that any two uncountable standard Borel 



spaces are Borel isomorphic. 

Note here that two Standard Borel Spaces can 
be Borel isomorphic if and only if they are of the 
same cardinality. 

Every Borel subset of a Polish space is a con- 
tinuous image of and a one-to-one, continuous 
image of a closed subset of N^. For every infinite 
Borel subset X of a Polish space, \Bx \ ~ c. 

The set of all Borel maps from X to Y, these 
being uncountable Polish spaces, is of cardinality 
c. For X a Polish space, A C X, and f : A ^ A 
being a Borel isomorphism, / can be extended to 
a Borel isomorphism g : X ^ X. We also note 
that for an uncountable Polish space X and a map 
f : X M., there is no Borel map g : X ^ M. 
satisfying g{x) < f{x) for all x. 

Now, for a nonempty set X and an algebra A on 
X, a measure on ^ is a map jj : A ^ [0, 00] such 
that 

(i) m(0) = 0, 

(ii) n is count ably additive , ie, if Aq, Ai, ... are 
pairwise disjoint in A with A„ € A then, 

M(U„^n) = Eo">(AO- 

When A is understood from the context, we shall 
simply say that is a measure on X. A measure 
/i is called finite if < oc; it is a- finite if X 

can be written as a countable union of sets in A of 
finite measure. It is called a probability measure 
if fiiX) = 1. Further, if all subsets of sets of mea- 
sure zero are measurable, a measure is said to be 
a complete measure . 

If TO is a measure on (X, A) , then a set G 
A is of finite m,-m,easure if m{E) < 00; is of a- 
finite m-m,easure if 3 {£"«}, i G N, Ei ^ A such 
that E C Ei and m[Ei) < 00, V i e N. If 
m{A), A & Ais finite (tr-finite) then the measure 
TO is finite (a -finite) measure on A. A measure is 
totally finite or totally a-finite if m{X) is finite or 
(T-finite. 

A measure s p ace is a triple {X, A, ji) where A 
is a (T-algebra on X and ji a measure. A measure 
space is called a probability space if /it is a proba- 
bility measure on it. 

For {X,A) being a measurable space, A & A 
and X & X, let 5a:{A) = 1 if a; e A and 5x{A) = 
otherwise. Then, 5^^ is a measure on A and will be 
called the Dirac measure at x. 

For a nonempty set X , A CI X . let ^i{A) denote 
the number of elements in A, = 00 if ^ is 

infinite. Then /x is a measure on V{X), called the 
countin g measure . 

Now, if {X, A, n) is a measure space then, it is 
easy to see that 

(i) n is monotone, 
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(ii) is countably sub-additive, 

(iii) if the A^s arc measurable and nondecreasing 
then, ^ {[j,^ An) = lim n and 

(iv) if fi is finite and is a non-increasing se- 
quence of measurable sets then, jj. (p|^ An) = 
lim fi{An). 

If {X, B) is a measurable space, A an algebra 
such that cr{A) = B, and suppose in and /Z2 are 
finite measures on {X, B) such that /xi (^) = ^2 (^) 
for every A € A, then /ii(^) = /i2(^) for every 
A € B. Furthermore, if A is an algebra on X and 
H is a <T-finite measure on A then, there exists a 
unique measure v on (7(A) that extends /i. 

Now, let A be the algebra on R consisting of 
finite disjoint unions of non-degenerate intervals. 
For any interval /, let |/| denote the length of /. 
Let lo, Ii, In be pairwise disjoint intervals and 
let A = ULo4. Set A(^) = ELo l^kl Then, A 
is a (T-finite measure on A. There is then a unique 
measure on a(A) = Sr extending A. We call this 
measure the Lebes g ue measure on M and denote it 
by A itself. 

Let (X„, An, ^n), n G N, be a sequence of proba- 
bility spaces and X = Yin -^n- For any nonempty, 
finite F C N,let ttf '■ ^ YlneF -^n be the canon- 
ical projection map. 

Define .A = {iTp^iR) : R e ^neF-^n, F finite}. 
Then, A is an algebra that generates the product 
cr-algebra Define further HnA*" 

Iln^^n{^^F^{R)) = (x^^^^i)(i?) as a probability 
measure on A. Then, there exists a unique proba- 
bility measure on 0^ An that extends Mn- We 
will call this extension the p roduct of the /i„'s and 
denote it by n„ If {^n, An, Hn) are the same, 
say, Hn = n for all n, then we denote the product 
measure by 

Let X be a finite set with n (n > 0) elements 
and A = V{X). The uniform measure on X is the 
measure 11 on A such that ji {{x}) = 1 / n iov every 
X & X. Let /i be the uniform probability measure 
on the set 2. The product measure on C is a 
Lebesgue measure denoted also by A. 

Let {X, A, n) be a measure space. A subset A 
of X will be called /i- nuU or simply a null set if 
there is a measurable set B containing A such that 
n{B) = 0. The measure space {X,A,iJi) will be 
called complete if every null set is measurable in 
it. The counting measure and the uniform measure 
on a finite set are complete. 

If {X, B, fi) is a complete cr-finite measure space, 
then B is closed under the Souslin operation. 

An ideal on a nonempty set X is defined to be 
a nonempty family I of subsets of X such that we 
have 



(i) Xil, 

(ii) whenever A e I, 'P(A) e X, and 

(iii) I is closed under finite unions. 

A (T-ideal is an ideal closed under countable unions. 
Notably, the family J\f^ of all /i-nuU sets is a a- 
idcal. 

If £ is any collection of subsets of X, then there 
exists a smallest cr-ideal containing the intersec- 
tion of all cr-ideals containing £. It is called the 
cr-ideal generated bv £ and is obtained by taking 
all sets of the form B{^E with B € Bx, E G £ and 
taking countable unions of such sets. Alternatively, 
the family I = {A C X : A C [j^ Bn, Bn € £} is 
the smallest tr-ideal containing £. 

The (T-algebra generated by A P| TV^ is called the 
/i-completion or simply the com p letion of the mea- 
sure space X. We shall denote the completion of 
the measure space as and call the sets in A^ as 
M- measurable . 

Note that A^ consists of all sets of the form 
AAN whcTc A e A, N is null and A denotes the 
sv mmcn ric. (inference of sets. Further. /I (AAN) = 
IJl{A) is a measure on the completion. It can also 
be shown that the set A is /x-measurable if and 
only if there exist measurable sets B and C such 
that B C A C C and C \ B is null. 

The set function /i* : V{X) [0, 00] defined 
by n*{A) = inf {/i(B) : B e AkA C B} is called 
the outer measure induced bv /i. Clearly, for every 
set A there is a set B ^ A such that A C B and 
/i(i3) = fJ*{A). Also, if B' is another measurable 
set containing A then B\B' is null. 

Then, sets in B^, A being the Lebesgue measure 
on the set of real numbers, are the Lebesgue mea- 
surable sets. Note that \B\ = c < 2'^ and that 
there are Lebesgue measurable sets which are not 
Borel. The Bernstein set, mentioned earlier, is not 
Lebesgue measurable, for example. Note also that 
the Lebesgue measure on M is translation invariant , 
ie, for every Lebesgue measurable set E and every 
real number x, X{E) = X{E + x) where E + x = 
{y + X : y E}. Moreover, for every Lebesgue 
measurable set E, the map x ^ X{E f\{E + x)) is 
continuous. Then, if £^ C R is Lebesgue measur- 
able with positive Lebesgue measure, then the set 
E — E = {x — y : x,y € E} can be shown to be a 
neighborhood of 0. 

If X is a metrizable topological space and /i is 
a finite measure on X then, for every Borel set 
B, we have /i(B) = sup{^(F) : F C B, F closed} 
= inf {^(?7) : U D B, f/open}. We call /j. a regular 
measure on X. 

A sig ned measure is an extended, real-valued, 
countably additive set function on the class. A, 
of all measurable sets of a measurable space {X, A) 
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with /x(0) = 0, and assuming at most one of the 
values +00 and — oo. 

If /i is a signed measure on a measurable space 
{X,A), we call a set E n- p ositive ( negative ) if, 
\f F & A, EP\F \s measurable and ^i{E fl ^) > 
{p{E{^F) < 0). The empty set is both /U-positive 
and /Lt-negative in this sense. 

If /u is a signed measure on {X, A), then there ex- 
ist two disjoint sets A. BeA such that A[J B = X 
and A is /i-positive while B is /i-ncgativc. The sets 
A and B are said to form the Hahn Decom p osition 
of X relative to /i. Note that the Hahn decompo- 
sition is not unique. 

For every £■ G ^, we define fi+iE) = ^{Ef]A), 
the upp er variation of jj, and Ijl~{E) = ij{Ef^B), 
the lower variation of /it, and |^| (E) = ijl^{E) + 
fjr (E), the total variation of /i. where A, B are as 
in the Hahn decomposition. [Note that \lJ.{E)\ and 
\l-i\{E) are not the same.] 

The upper, the lower and the total variations 
(of fi) are measures and /i(i?) = I-l'^{E) — IJ.~{E) 
\/ E € A, the Jordon decomposition . If /x is finite 
or cr-finite, then so are /x"*" and at least one of 
/i+ and n~ is always finite. 

A simple function on {X, A) is f = Y^^=i '^iXe 
where Ei e A, Xe- the characteristic function 
of the set Ei and aj G M. This simple function / 
is M- inte g rable if ^i{Ei) < oo W i for which ai ^ 0. 
The jjL-integral of f is J f{x)diJ,{x) or J f dfj, = 

If, V e > 0, lim„_oo m ({x G X : |/„(.t) -f{x)\ > 
e}) = 0, a sequence {/«} of a.e. finite- valued mea- 
surable functions is said to converge in measure to 
a measurable function /. 

Given two integrable simple functions / and g 
on a measure space {X, A) , define now a pseudo- 
metric p{f,g) = J\f - g\ d/i. A sequence {/„} of 
integrable simple functions is mean fundamental if 
P{fn,9m) if n,m ^ 00. 

An a.e. finite-valued, measurable function / on 
{X, A) is n-integrable if there is a mean fundamen- 
tal sequence {/„} of integrable simple functions 
which converges in measure to /. 

Lebesgue-Radon-Nikodv m (LRN) Theorem [34] 
states that: If {X,A,m) is a totally cr-finite mea- 
sure space and if a cr-finite measure on A is abso- 
lutely continuous relative to m, then there exists a 
finite valued measurable function f on X such that 
viE) = f di^ for every measurable set E € A. 
The function / is unique: if also viE) = J^^g dfi, 
then / = g (mod fi) , ie, equality holding modulo a 
set of M- measure zero or /x-a.e. 

If is a totally cr-finite measure and if z^(-B) = 

f dfj,y E e A, wc write f = or di^ = f dfi. 

We call the LRN - derivative and all properties 
of "differential" hold for it /U-a.e. 



A measure on a Standard Borel Space is a Borel 
Measure . A Borel measure /x on a SBS X is 

continuous if /i ({x}) = for every x G X. 

Now, if X is a Polish space, /z a finite Borel 
measure and e > then, there exists a compact 
subset K of X such that fi{X \K) < e. 

To prove this above, we consider a compati- 
ble metric d < 1 on X and a regular system 
of sets {Fs : s G N^'*'} of nonempty closed 
sets such that F^ = X , Fg = {J^^Sn and 
diameter(i^s) < 1/2'®'. The existence of such a 
system of sets is provable by induction on jsj. 
Next, define positive integers no,ni,... such that 
for every s = (rrio, mi, mfc_i) with rrii < rii, 

M \ U,.<„^ Fp^.) < e/(2'=+i.no.ni....nfe_i). The 

set -f^ = rifc Us Fs where the union varies over all s, 
is the required, closed and totally bounded, com- 
pact set for which // {X \ K) < e. 

Then, for a Polish space X, a finite Borel mea- 
sure p, on X, for every Borel set B and for every 
e > 0, there is a compact set K C B such that 
n{B\K)<e. 

Let be a probability measure on 7 = [0, 1] . 
Then, the function F{x) = ^([0,1]), x G / is 
called as a distribution function oi ji. It is a 
monotonically increasing, right-continuous func- 
tion such that F{1) = 1. 

Next, if /X is a continuous probability measure 
on a standard Borel space X, then there is a Borel 
isomorphism h : X ^ I such that for every Borel 
subset B of J, X{B) = X{h-\B)). 

Let (X, A) be a measurable space and Y a 
second countable metrizable space. A transition 
probability on X x F is a map P : X x ^ [0, 1] 
such that (i) for every x G X, P(.x, .) is a proba- 
bility on Y and (ii) for every B G By, the map 
X — > P{x, B) is measurable. Then, for every 
A G A<^By, the map x P{x,Ax) is measur- 
able. In particular, for every A G A^By such 
that P{x,Ax) > 0, TT^{A) is measurable. 

Recall that a set of the first Baire category is a 
countable union of nowhere dense sets. A subset 
£^ of X is said to have the Baire Property (BP) if 
E can be expressed as a symmetric difference of an 
open set G and a set M of the first Baire category, 
ie, expressible as the union E = GAM = (G \ 
M)\j{m\G). If £; has the property of Baire, then 
so does its complement in X. Clearly, open sets 
and meagre sets in X have BP. Note also that every 
Borel subset of a metrizable topological space has 
the Baire property. 

The collection V of all subsets of a topologi- 
cal space X having the Baire property forms a cr- 
algcbra to be called the Baire cr-alg ebra . Note that 
the Baire cr-algebra of a topological space is closed 
under the Souslin operation. 
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A space X is called a Baire Space if no nonempty 
open subset of X is of first category in X or equiv- 
alcntly in itself. Every open subset of a Baire space 
is a Baire space but a closed subset need not be. 
Every completely metrizable topological space is a 
Baire space, the converse not being true. 

If X is a standard Borel space, every Borel sub- 
set of X has the property of Baire since the a- 
algebra of sets with the property of Baire includes 
the Borel cr-algebra of X. The collection of subsets 
of X with the property of Baire is a cr-algebra gen- 
erated by open subsets together with the subsets 
of the first Baire category. Subsets of first Baire 
category in X form a cr-idcal in the cr-algebra of 
sets with the property of Baire. 

For A,B G Bx, we write A = B (modA/") if 
A\B and B\A, both, belong to Af. 

A subset B c X, B E B, is said to be 
decomposable if it is expressible as a union of two 
disjoint sets from Bx \ A/". Clearly, every such de- 
composable set belongs to Bx \ A/". 

We say that the Borel cr-algebra Bx of subsets 
of X satisfies the countability condition if every 
collection of pairwise disjoint sets from Bx \ A/' is 
either finite or countably infinite. 

Now, a homeomorphism of a topological space 
X into the topological space X' is an isomorphism 
if it is 1-1 and if the inverse mapping is also a 
homeomorphism. 

The pivotal concept of the measure theory is, 
however, not an isomorphism of measure spaces, 
but the concept of an isomorphism modulo zero . 
Then, if upon removing from the corresponding 
spaces appropriate sets of zero measure we ob- 
tain an isomorphism, we say that the spaces are 
isomor p hic modulo zero . 

This above is achieved by the completion of the 
measure space X with respect to the a-ideal, A/"^, 
of /x-nuU sets. 

In this mathematical framework, it is often 
enough to check a result only for certain charac- 
teristic functions to conclude that it holds for all 
measurable functions. For this purpose, we use the 
concept of a semi-algebra. 

A semi -alg ebra on X is a collection S of subsets 
of X which is closed under finite intersections and 
such that the complement of any S £ S is a finite 
disjoint union of members of <S. A semi-algebra S 
generates a cr-algebra S on X if B is the smallest 
cr-algebra containing S. 

Then, whenever results hold good for the char- 
acteristic functions of the members of the semi- 
algebra S, those results hold good also for the 
members of the cr-algebra B. 

For (X, A, ji) a measure space, let ^{jj) be the 
set of all measurable sets with finite /i-measure. 
For any E,F E ^{11), let p{E, F) = fi{EAF). The 



function p so defined is a metric on ^(/x) and the 
metric space {A{p), p) is called the metric s p ace of 
or associated to (X, A, m). 

Note that the metric space of a finite measure al- 
gebra {B, p) is complete. A measure algebra (B, p) 
is called as sep arable if the metric space associated 
to it is separable. 

Caratheodory 's Theorem : If (B, p) is a normal- 
ized, separable and non-atomic measure algebra, 
then there is an isomorphism from (B, p) onto the 
measure algebra of the unit interval (0, 1). 

Let (X, A, p) be a space with complete and nor- 
malized measure p. Let us denote by F{T) the 
Borel structure generated by a family of mea- 
surable subsets of X. 

A countable collection, = {Fi : i G 7}, of 
measurable subsets Fi of a measure space (X, A, p) 
is said to be a basis of the space X if 

(1) for any A G A there is a set B S F{^) such 

that B c A, p{B\A) =0, 

(2) for any Xi,X2 G X, Xi X2, there is an i G / 

such that either xi G Fj & X2 ^ Fi or X2 G Fi 
kxi^ Fi. 

Now, suppose ej = ±1 and f/**' = if Cj = 1 

and F'-"^^ ^ X \ Fi a = -1. Then, to any 
sequence of numbers {ci : i € 1} corresponds the 

intersection Hje/ Fi '^'^ ^ith every such intersection 
containing no more than one point of X. 

Then, the space {X,A,p) is called complete 
with respect to the basis if all the intersections 

Hie/ ^i^*^ ^® nonempty. 

Moreover, the space {X,A,p) will be called 
com p lete ( mod 0) with respect to the basis ^ if X 
can be included as a subset of full measure into a 
certain measure space {X,A,p) which is complete 
with respect to its own basis f' = {Fi : i G 1} and 
satisfying Fif]X = Fi for all i G I. 

A space which is complete (mod 0) with respect 
to one of its basis is also complete (mod 0) with 
respect to any other basis. 

A measure space {X,A,p) which is complete 
(mod 0) with respect to one of its basis is called as 
a Lebesgue Space. 

The notion of Lebesgue space is very wide. Still, 
Lebesgue spaces possess many nice properties. To 
mention one here, any automorphism T of a mea- 
sure space (X, A, p) induces an isomorphism S of 
the cr-algebra A onto itself as: S{A) = TA, A e A. 
For a Lebesgue space, the converse that any iso- 
morphism of the cr-algebra induces an automor- 
phism of the measure space is also true. 

A Lebesgue space is isomorphic (mod 0) to the 
ordinary Lebesgue space of the unit interval. The 
unit interval is therefore a representative object of 
the Lebesgue spaces. 
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Let {X, A, fi) and {Y, B, u) be Lebesgue spaces 
and $ : {A^ p.) {B, D) a homeomorphism of the 
associated measure algebras. Then, there exists 
a set of measure zero A C X and a measurable 
function (f) : X \ A ^ Y such that (f)~ ^ coincides 
with $ as a map {A,fl) — > (B,i'). In this case, 
we shall say that the map $ arises from a p oint 
homeomorphism (mod 0) . 

Therefore, for Lebesgue spaces, the notions of 
point homeomorphism (mod 0) and homeomor- 
phism of associated measure algebras of sets of zero 
measure essentially coincide. 

Theorem : If X is a complete separable metric 
space and B is the completion of its Borel cr-algebra 
with respect to a Borel probability measure /x on 
X, then {X, B, jj) is a Lebesgue space. 

A partition of a measure space {X, A, ji) is, 
by definition, any family 5 = {C^ : z G /} of 
nonempty disjoint subsets of X such that IJ^ Ci = 
X. Moreover, if {J^Ci = X (modO), then we call 
S as a p artition (mod 0). 

The sets A € A which are the unions of the 
members of S are called measurable with respect 
to S or simply S-sets. 

A partition S is called measurable if there is a 
countable family, G = {Gj : i € I}, of subsets of X 
which are S-sets and such that for all Ci , C2 € S 
there is an i e / such that either Ci C & C2 ^ 
Gi or C2 C & Ci ^ G,. 

The quotient space of a Lebesgue space by a 
measurable partition, ie, X/S, is Lebesgue. 

There; of course exists an equivalence relation 
between the measurable partitions of a Lebesgue 
space and the complete cr-algebras on it. 

The elements G € S of a measurable partition 
can themselves be transformed into spaces with 
measure and these measures play the role of 
conditional probabilities. Thus, a system of mea- 
sures {/ic}, G G S is said to be a canonical sy stem 
of conditional measures belonging to the partition 
S if 

(i) is defined on some cr-algebra Ac of subsets 
of G, 

(ii) the space {C,Ac,l-ic) is Lebesgue, 

(iii) G A, the set A f]C e Ac for almost all 
G G X X'^, the function ^c (^ Pi C') is mea- 
surable on X/S and Jx/~ i^ClC) d^i. 

Every measurable partition possesses a canoni- 
cal system of conditional measures and this system 
is unique (mod 0), ie, any other system of con- 
ditional measures coincides with it for almost all 
G G X/S. Conversely, if some partition of X pos- 
sesses a canonical system of conditional measures 
then it is a measurable partition. 



The forward image of a measurable subset of X 
under a measurable function / need not he mea- 
surable, in general. 

Lusin's Theorem : If / is a measurable function 
from a Standard Borel Space into another Stan- 
dard Borel Space and if / is countable to zero , ie, 
if the inverse image of every singleton set is at most 
countable, then the forward image under / of a 
Borel set is Borel. 

Now, a one-one measurable map T of a Borel 
space {X, B) onto itself such that T~ ^ is also mea- 
surable is called a Borel automorphism . 

That is to say, a Borel automorphism of {X, B) 
is a one-one and onto map T : X X such that 
T{B) €ByBeB. 

An automorphism of X onto X is, in general, not 
a Borel automorphism. But, if (X, B) is a Standard 
Borel Space then a measurable one-one map of X 
onto X is a Borel automorphism. 

Ramsav - Mackev Theorem : If T : X ^ X is a. 
Borel automorphism of the standard Borel space 
{X, Bx), then there exists a topology T on X such 
that 

(a) {X, T) is a complete, separable, metric space 

(b) Borel sets of {X, T) are precisely those in Bx 

(c) T is a homeomorphism of (X, T). 

Note that X is same for {X,Bx) and (X, T). 

Alternatively, if X is the underlying set and if 
T is a Borel automorphism on a SBS (X, B) and 
C C B is a countable collection, then there exists 
a complete separable metric topology, ie, Polish 
topology, T, on X such that 

(1) r generates the cr-algebra B 

(2) T is a homeomorphism of (X, T) 

(3) C C T, and lastly, 

(4) T has a clopcn base, ie, sets which are both 

open and closed are in T. 

If 7^ is a Polish topology on X which generates 
B, {%, i G N} are Polish topologies on X with 

To CTi C B then 3 a PoHsh topology %o {Q B) 
such that Ui^i ^ — ^ and 7^ is the topology 
generated by all finite intersections of the form 
nr=i G^, G, G 7- fori, nGN. 

Further, given B ^ B, there exists a Polish topol- 
ogy f, T; C f CB such that B €T. Moreover, 
T can be chosen to have a clopen base. 

We also note that, for any countable collection 
^ 'S, there exists a Polish topology T 
(which can be chosen to have a clopen base) such 
that To C T C B and for all j, Bj G T. 
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Further, if T is a homeomorphism of a Polish 
space X then there exists a compact metric space 
Y and a homeomorphism t oi Y such that T is 
isomorphic as a homeomorphism to the restriction 
of T to a T-invariant Gs subset of Y. We can choose 
the T-invariant set to be dense in Y . This result is 
due to N. Krylov and N. Bogoliouboff. 

Combined with the theorem of Ramsay and 
Mackey, this shows that a Borel automorphism on 
a Standard Borel Space can be viewed as a re- 
striction of a homeomorphism of a compact metric 
space to an invariant Gs subset. 

Top ological Grou p is a triple (G, o, T) where G 
is a set, o is a group multiplication on G and T is 
a topology on G such that 

(i) the multiplication map m : G x G ^ G is 

continuous relative to T, 

(ii) the inversion function i : G ^ G is continuous 

relative to T, and 

(iii) if e is the group identity, then the singleton 
set {e} is closed in G, ie, G \ {e} e T. 

When considering only the group properties of a 
topological group, we refer to it as an alg ebraic 
group and group properties as alg ebraic properties. 

Also, aob = ab for a,b G G. 

In what follows, we adopt two useful notations: 

(a) ii A,B c G, then AB = {ab : a € A, b £ B} 

and 

(b) for A C G, A- 1 = {a- 1 : a e A}. 

Then, a subset C G, iJ 7^ 0, is a subgroup of G 
iff HH c H and H-^ c H, both. 

A topological space X is called homo g eneous 
if for every x,y e X, there exists a group ho- 
moeomorphism f : X ^ X such that f{x) = y. 
Any topological group is necessarily a homoge- 
neous topological space. 

A topological group whose underlying space is a 
manifold is a group manifold . Group G is a group 
manifold if and only if e G G has a neighborhood 
U which is homcomorphic to R". 

Neighborhoods of the identity of a topological 
group are called as nuclei. 

For .X e X, let 91 be a family of neighborhoods 
of X such that every neighborhood of x contains 
some member of 91. Then, 9t is called as a local 
( neighborhood ) base at x. 

In particular, a local base 01 at a; has the prop- 
erties: 

(i) M,N GfR^ Mf]N G% 

(ii) McNcX and MGm^NG% 



(iii) N implies that there always exists M € 
91 such that MM-'^ cN, 

(iv) N e<yi implies that for all g e G, g" ^Ng e 
91, and 

(v) n01 = {e}. 

Given an algebraic group G and family 91 of 
subsets of G with above properties, there exists 
a unique topology T for G making G a topological 
group and 91 is exactly the family of nuclei. 

If X is a homogeneous space then, a local base 
at a single point x £ X determines a local base at 
every other point of X and, hence, also determines 
the entire topology T oi X . 

A neighborhood .S* of e G G will be called as 
a sy nuuci ric. iiei K liborliood ii S = S~ ^ . If A'' is 
any neighborhood of e, then Nf]N~^ C is a 
symmetric neighborhood of e. Consequently, if A'^ 
is any neighborhood of e in a topological group G, 
then there exists a symmetric neighborhood 5 of e 
with SS = SS~ 1 C N. 

If H is any algebraic subgroup of G then the 
family G/H is called a coset s p ace of G and is a 
quotient set of (G, T) with quotient topology. The 
quotient map q : G ^ G/H is always open. The 
quotient of a topological group modulo a closed 
normal subgroup is a topological group under the 
quotient topology and the group product. 

An open subgroup of a topological group must 
be closed as well. The closure of a subgroup of a 
topological group is always a subgroup, and the 
closure of a normal subgroup is always normal. 
The interior of a subgroup need not be a subgroup. 
The product of a closed set with a compact set is 
closed but not necessarily compact. The quotient 
map g' : G — » G/H is a closed map whenever H is 
a compact subset of G. 

There can be subgroups of a topological group 
which are neither open nor closed. 

Given two topological groups G and G', and a 
continuous function / : G ^ G', / is a morphism 
of topolo g ical groups if and only if / is both a 
map of on the underlying topological spaces and 
an algebraic morphism (group homomorphism) on 
the underlying groups. An onto or surjective mor- 
phism is called an ep imor p hism and a 1-1 or in- 
jective morphism is called a monomorphism . An 
isomor p hism of topological groups is an algebraic 
morphism of underlying groups and a homeomor- 
phism of underlying topological spaces. 

If function / : G — > G' is an algebraic morphism 
from one topological group to another and is con- 
tinuous at the single point e of its domain, then / 
is continuous at every other point of G and, hence, 
is also a topological morphism. Consequently, the 
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continuity of a morphism needs to be established 
by considering only nuclei. 

The group M/Z, where Z is the set of integers, 
of additive real numbers modulo integers is topo- 
logically isomorphic to circle S^. 

If p : X — > y is a map, a cross section to p is a 
map s : Y X which is a right inverse for p, ie, 
po s = ly, ly being the identity map of Y. The 
cross section is said to be at a point x & X \{ x \s 
a value of s, then x = s o p{x). 

Let F be the set of functions from X to y. 
The com pact-open ( CO ) topology on i*" is a unique 
topology on F generated by the subbase of all sets 
of the form {K,S) = {/ : / £ F and f{K) C S}, 
where K is compact in X and S is open in Y. 

The evaluation function , e : F x X ^ Y carries 
each ordered pair (f,x) to e{f,x) — f{x) €Y. A 
topology for F is called admissible if and only if 
the evaluation function e is continuous. The CO- 
topology is the finest admissible topology. 

A Topolo g ical Transformation Group (TTG) or 
a group of transformations is an admissible group 
G of functions on a fixed Hausdorff topological 
space X with composition of fmictions as the group 
multiplication. Members of G must all be homeo- 
morphisms of X onto itself. More formally, a TTG 
is a pair {G,X) where G is a topological group 
whose elements are permutations of X, X being a 
Hausdorff space such that 

(i) for all f,g € G and for every x G X, {fg){x) = 

f{9{x)], 

(ii) every / e G is a homeomorphism of X onto 

itself, and 

(iii) the evaluation function, e, is continuous on 
GxX ^X. 

Every TTG on X must contain the identity map 
1^ , which is necessarily also the identity element 
of the group G. 

The group G is said to act on X and the evalua- 
tion is called the action of G on X . A TTG on X 
is called as transitive if for all x,y £ X there exists 
g & G such that g{x) = y. Note that any group 
of matrices is non-transitive on R" as the origin is 
left fixed by linear transformations. 

A topological group is a Baire space if and only if 
it is of second category in itself. Every open subset 
of a Baire space is a Baire space. Every completely 
metrizable topological space is a Baire space, but 
the converse need not be true. 

Let X be a topological space, A,U <^ X with U 
open. Then, A is meag er ( co-meager , non-meager ) 
in J7 if ^4 Pi J7 is meager (co-meager, non-meager) 
in U. 



Let X and Y be metrizable spaces. A function 
/ : X — » y is called Baire measurable if for ev- 
ery open [/ C y, f~^(U) has BP. [ Caution : Baire 
measurable functions are not the same as Baire 
functions defined earlier.] Clearly, every Borel 
function is Baire measurable. 

Let y be second countable and f : X ^ Y he 
Baire measurable. Then, thee exists a co-meager 
set A C X such that f\A is continuous. 

Let G be a completely metrizable topological 
group and H a second countable topological group. 
Then every Baire measurable morphism tp : G —> 
H is continuous. In particular, every Borel mor- 
phism ip : G ^ H is continuous. 

Pettis 's Theorem [68] proves that if G is a Baire 
topological group and H a non- meager subset with 
BP, then there exists a neighborhood U of the 
group identity contained in H~^H. Consequently, 
it follows that every non-meager Borel subgroup H 
of a Polish group G is open. 

Notation : For E C X xY, x & X and y eY, 
we set Ex = {y €Y : {x, y) G E} and Ey = {x & 
X:{x,y)eE}. 

If X is a Baire space and Y second countable 
and supposing ^ C X x y is closed as well as no- 
where dense, then {x £ X : A^is nowhere dense} 
is a dense Gs set. 

Let X he a non-empty set, Y a topological space, 
A C X X Y, and U nonempty, open subset in Y. 
We set A^^ = {x G X : A^is nonmeager in U} and 
A*'-' = {.X G X : is comeagcr in f/} . 

Kuratowski - Ulam Theorem : If X and Y are sec- 
ond countable Baire spaces and AC XxY has BP, 
then the following are equivalent: 

(1) A is meager (co- meager), 

(ii) {x & X : j4a; is meager (co — meager)} is co- 
meager, 

(iii) {y G Y : A"" is meager (co — meager)} is co- 
meager. 

Let {X, A) he a measurable space and Y a Polish 
space. For every A G A^B^ and U open in Y, 
the sets A^^ , A*^ and {x G X : A^is meager in U} 
are in A. 

Let G be a Polish group that is acting contin- 
uously on a Polish space X. For any W C X 
and any nonempty open U C G, define the Vaught 
transforms as: W^^ = {x G X : {g G U : g ■ x & 
ly} is nonmeager} and W*^ = {x & X : {g €: U : 
g ■ X £ W} iscomeager}. 

Then, we have 

(i) W^^ is invariant, 

(ii) W is invariant implies that W = , 



35 



(iii) (l}nWnr=[j^ {Wt""), 

(iv) if W C X is Borel and ?7 C G is open, then 
W^^ and W*^ are Borel. 

We shall call a cr-algebra S on X Marczcwski 
com p lete if for every A C X there exists A E B 
containing A such that for every B G B containing 
A, every subset of \ B is in S. Such a set A will 
be called a minimal ,B- cover of A. 

Every cr-finite complete measure space is Mar- 
czewski complete. Notably, Baire cr-algebra of any 
topological space is Marczewski complete. 

Marczewski's Theorem : if {X, B) is a measur- 
able space with B Marczewski complete, then B is 
closed under the Souslin operation. 

We call a collection of point-sets (subsets of 
metrizable spaces) as a point-class. For example, 
we shall speak of point-classes of open sets, closed 
sets, Borel sets etc. 

Let X be a metrizable space. For ordinals a, 
1 < a < Wi, ie, for countable ordinals, define the 
following point-classes by transfinite induction: 



n?(x) 

for 1 < a < wi. 



{[/ C X : C/open} 
{FCX:i=^ closed} 



s° (X) = y nO(x) 



and 



nO(x) = I y sO(x) 

Finally, for every 1 < a < wi, 

AO(x) = sO(x)f|nO(x) 

Note that A5(X) is the family of all clopen sub- 
sets, S2(X) is the family of all F^, subsets, and 
S^(X) is the family of all subsets of X. The 
families S°(X), nSi(X), and 1\\{X) are called 
additive , multi p licative , and ambiguous classes re- 
spectively. If a statement is true for all X, we shall 
omit the X in the brackets while stating the family 
of point-classes under consideration. 

A set in S° is called as an Additive Class a Set , 
that in 11° as a Multi p licative Class a Set and that 
in Aj'^, as an Ambi g uous Class a Set . 

Following elementary facts about these point- 
classes are easy to establish: 

(i) Additive classes are closed under countable 
unions, and multiplicative classes are closed 
under countable intersections, 



(ii) All the classes are closed under finite unions 

and finite intersections, 

(iii) For all 1 < a < wi, = -ill^ or equiva- 
lently, = ^2° , 

(iv) For a > 1, A° is an algebra. 

The following results are also easy to establish: 

(i) For every 1 < a < Wi, SO,nO C Aj^+i. 
Thus, the following Hierarchy of Borel sets 
in which any point-class is contained in ev- 
ery point-class to its right is obtained: 



A? 



n? 



■^2 



AO 

^3 



■^3 



(ii) For a > 1, SO = (A^)^ and = (A")^, 

it also being true for a = 1 when X is a 
zero-dimensional separable metric space, 

(iii) For metric space X, we have the result that 

ex = U.<., s°(^) = U„<., n:i(x). 

For any uncountable Polish space, the inclusion in 
(i) is strict. 

Let X be an infinite separable metric space. 
Then, ISO (X)| = |nO (X)| = c and \Bx\ = c. 

Now, note that every set of additive class a > 2 
is a countable disjoint union of multiplicative class 
< a sets. 

Let X and Y be metrizable spaces, / : X — > F a 

transformation, and \ < a < ijJ\. We say that / is 
Borel measurable of class a, or simply of class a, 
if f~^{U) € SO for every open set U. The class 1 
functions are the continuous functions. 

A characteristic function x a, A C X, is of class 
a if and only if A is of ambiguous class a. Every 
class a function is clearly Borel measurable. 

Let 1 < a < uii. Let Fq denote one of the 
two point-classes of IlO or of S" sets. For every 
second countable metrizable space Y, there then 
exists a C/ e r„ (N^ X Y) such that A G T^iY) 
(3 X e N") (A = U^). We shall caU such a set C/ a 
universal for Fq,. 

Let 1 < a < wi and F„ the point-class of ad- 
ditive or multiplicative class a sets. Then, for ev- 
ery uncoimtable Polish space X, there is a C/ € 
Fa(X X X) universal for Fa(X). 

We also have that for X being any uncountable 
Polish space and 1 < a < lui, there exists an addi- 
tive class a set that is not of multiplicative class a. 
Hence, for everv uncountable Polish space X and 
for any a, SO(X) / K+iiX). 
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Then, there does not exist a Borel setU C XxX 
universal for Borel subsets of X for any Polish 
space X. A fairly general conclusion is the fol- 
lowing: Let a point-class A be closed under taking 
complements and continuous pre-images. Then for 
no Polish space X is there a set in A{X x X) uni- 
versal for A{X). 

Now, let X be a metrizable space and 1 < a < 
wi. Suppose {An) is a sequence of additive class 
a sets in X. Then there exist i?„ C An such that 
(a) The B^s are pairwise disjoint sets of additive 
class a, (b) Un^" = Un-^"- Consequently, the 
BnS are of ambiguous class a if IJ^^ An is so. The 
result also holds for a = 1 if X is zcro-dimcnsional 
and second countable. This above is known as the 
Reduction Theorem for Additive Classes . 

Let X be metrizable and 1 < a. < uji. Then for 
every sequence (An) of multiplicative class a sets 
with f]^ An = 0, there exist ambiguous class a sets 
Bn 2 An with Pl^ Bn = $- In particular, if A and 
B are two disjoint subsets of X of multiplicative 
class a, then there is an ambiguous class a set C 
such that ^ C C and BflC = 0- This is also 
true for a = 1 if X is zero-dimensional and second 
countable. This above is known as the Separation 
Theorem for Multiplicative Classes . 

Notably, the separation theorem does not hold 
for additive classes and the reduction theorem does 
not hold for multiplicative classes. 

A sequence [An) of sets is called conver g ent if 
liminf„ A„ = limsup„A„ = B, say. In this case, 
we say that the sequence {An) converges to B and 
write lim^„ = B. Clearly, when the sequence 
{An) is convergent, we have that for every x €: X, 
X € An for infinitely many n if and only if a; € An 
for all but finitely many n. 

Now, let X be metrizable and 2 < a < wi. Sup- 
pose A e A°(X). Then there is a sequence {An) 
of ambiguous class < a sets such that A = limj4„. 
The result is also true for a = 2, provided that X 
is separable and zero-dimensional. 

Let 2 < a < wi and X an uncountable Pol- 
ish space. There exists a sequence An in 11° (X) 
with lim sup An = such that there does not exist 
Bn 2 An in S°(X) with lim sup B„ = 0. This 
observation is due to A. Maitra, C A Rogers and 
J E Jayne. 

Theorem : Suppose that X and Y are metrizable 
topological spaces with Y being second countable 
and 2 < a. < LOi. Then for every Borel fimction 
f : X ^ Y oi class a, there is a sequence (/„) of 
Borel maps from X to y of class < a such that 
fn^f point-wise. 

To prove the above theorem, we use the following 
two lemmas: 

Lemma 1 Suppose Y is totally bounded. Then 
every / : X — > y of class a, a > 1, is the limit of a 



uniformly convergent sequence of class a functions 
/„ : X — > y of finite range. 

Lemma 2 : Let / : X ^ y be of class a > 2 with 
range contained in a finite set E = {yi, y2, •■•,yn}- 
Then / is the limit of a sequence of functions of 
class < a with values in E. 

Let _B C X X y. For notational convenience, we 
shall denote the p ro j ection {B) of B to X by 
3^_B, ie, 3^ B = {a; G X : (x, y) G i? for some y G 
y}. The co-p ro j ection of B is defined as: B = 
{x G X : {x,y) G S for ally G Y}. Then, clearly. 

For any point-class T and any Polish space 
y, we set 3^T = {3^ B : B G r(X x Y), Xisa 
Polish space}, ie, 3^T is the family of sets of the 
form 3^B where B G r(X x y), X being Pohsh. 
The point-class V^F is similarly defined. 

Let X be a Polish space. We shall call a Borel 
subset of X as a Standard Borel Set . Any A <Z X 
is called analytic if it is a projection of a Borel 
subset B of X x X. The point-class of analytic 
sets will be denoted by Sj. A subset C of X is 
called co - analvtic if X \ C is analytic. Then, a 
subset j4 of X is co-analytic if and only if it is 
the co-projection of a Borel subset of X x X. The 
point-class of co-analytic sets will be denoted by 
n|. Clearly, we have 11} = Finally, we 

define 

All standard Borel sets are both analytic and co- 
analytic and, hence, in point-class A}. The con- 
verse that every A J set is Borel was proved by 
Souslin. This marked the recognition of descrip- 
tive set theory as an independent subject. 

The Theory of Analytic and Co- Analytic Sets is 
of fundamental importance to the Theory of Borel 
Sets and Borel Functions. It imparts the theory of 
Borel sets its deductive power. 

Proposition : Let X be a Polish space and A C 
X. Then, the following are equivalent statements: 

(i) A is analytic, 

(ii) There is a Polish space Y and a Borel set 
B C X X y whose projection is A, 

(iii) There is a continuous map / : — > X whose 
range is A, 

(iv) There is a closed subset C of X x whose 
projection is A^ 

(v) For every uncountable Polish space Y there is 

a set B in X X y whose projection is A. 

Proposition : (1) The point-class is closed un- 
der countable unions, countable intersections and 
Borel pre-images. Consequently, 11} is also closed 
under these operations. (2) The point-class is 



37 



closed under projection 3^ , and Tl\ is closed under 
co-projection for all Polish Y. 

Let i? C X be analytic, in particular, Borel and 
f : B ^ Y & Borel map. Then f{B) is analytic. 

Theorem : For every Polish space X, there is an 
analytic set U C x X such that ^ C X is 
analytic if and only ii A = Ua for some a, ie, U is 
universal for T,\{X). 

Theorem : Let X be an uncountable Polish 
space. Then, 

(i) There is an analytic set C X x X such that 

for every analytic set ^4 C X, there is an 
a; e X with A = U^, 

(ii) There is a subset of X that is analytic but not 

Borel. 

Thus, every uncountable standard Borel space 
contains an analytic set that is not Borel. 

Now, define for each n > 1, point-classes Sj^, 
and by induction on n as follows. Let n 
be any positive integer. Let X be a Polish space. 
Take 

s^+i(x) = 3^ni (X X X) 
n^+i(x) = ^s^+i(x) 
Ai+i(x) = si+i(x)f|ni+i(x) 

Sets thus defined are called the p rojective sets . 
Pro p osition : Let n be a positive integer. 

(i) The point-classes and are closed un- 

der countable unions, countable intersections 
and Borel pre-images. 

(ii) is a cr-algebra 

(iii) The point-class is closed under projec- 
tions 3^ and the point-class 11^^ is closed un- 
der co-projections V^, when Y is Polish. 

Let B C X be and / : B ^ r be a Borel 
map. Then, f{B) € . 

Proposition: For every n > 1, S^IJII^ C 
A^_,_j. Thus, we have the following Hierarchy of 
Projective Sets in which any point-class is con- 
tained in every point-class to its right: 

S| S2 ^3 ••• 

Al Al Al ... 

Now, let n > 1, r be either or njj, and X 
a Pohsh space. There is a f/ C N'^ x X in T such 



that ^4 C X is in r if and only if A= Ua for some 
a, ie, U is universal for r(X). 

Theorem : Let X be an uncountable Polish space 
and n > 1. 

(i) There is a set [/ G "^ni^ x ^) such that for 

every A G S^(X), there is a x with A = 11^, 

(ii) There is a subset of X that is in S^(X) but 

not in n^(X). 

For any Polish space X and for any n > 1, there 
is no set U e A^(X x X) that is universal for 

A^(X). 

Theorem : Let X be a Polish space, d a com- 
patible complete metric on X, and A C X. The 
following are equivalent statements: 

(i) A is analytic, 

(ii) There is a regular scheme {F, : s € N'^^} of 

closed subsets of X such that for every a £ 
N^, diameter (F„|„) ^ and ^ = A{{Fs}), 

(iii) There is a system {Fs : s G N^*^} of closed 
subsets of X such that A = A{{Fs}). 

Note that the point-class is closed under 
the Souslin operation. But, as there are analytic 
sets that are not co-analytic, the point-class Ilj 
is not closed under the Souslin operation. For an 
uncountable Polish space X and n > 2, all the 
point-classcis 11^ and A^ are closed under the 
Souslin operation. 

For every Polish space X, there is a pair of an- 
alytic sets U(), Ul C X X such that for any pair 
Ao,Ai of analytic subsets of X there is an a sat- 
isfying Ai = {Ui)a, i = 0, 1. 

For an uncountable Polish space X, there is a 
sequence (Un) of analytic subsets of X x X such 
that for every sequence (An) of analytic subsets of 
X there is a; € X with An = {Un)x for all n. Also, 
there is a set f7 e ^(n{(N'^ x -'^)) universal for 
A{Ul{X)). 

Note that for any uncountable Polish space X, it 
can be shown that a (S}(X)) is not closed under 
the Souslin operation. 

Now, a subset of N"*^ x N'*' is closed if and only if 
it is the body of a tree T on N x N. We therefore 
have the following proposition: 

Proposition : Let A C N^. Then, the following 
are equivalent statements: 

(i) A is analytic, 

(ii) There is a tree T on N x N such that a G 
A <;=^ T[a] is well-founded, as well as a G 
A T[a] is well-ordered with respect to 

<KB- 
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Let g(:RxR^IRbea Borel function. Define 
f{x) = supy g{x,y),x G X. If f{x) < oo for all x, 
the function / need not be Borel. 

We can characterize functions / : R — > R of 
the form f{x) = supy g{x,y), g Borel. We call a 
function / : R ^ R an ^- function if {a; : f{x) > t} 
is analytic for every real number t. 

Let f{x) = supy g{x, y), 5 : R x R ^ R be Borel. 
Assume /(x) < 00. Then, for every real number 
t, fix) >t^ {3y € R{g{x,y) > t). So, / is an 
A-function. Further, the function / dominates a 
Borel function. 

Moreover, the converse is also true. For every 
A-function / : M ^ M dominating a Borel func- 
tion there is a Borel g : R x R — > R such that 
f{x) — snpy g{x,y). Note that not all A-functions 
dominate a Borel function. 

Let X be a Polish space and A C X. We say 
that A is -complete if A is analytic and for every 
Polish space Y and for every analytic B CY, there 
is a Borel map f : Y X such that f~^{A) = 
B. Notice that no S}-complete set is Borel. This 
provides us a technique to establish the non-Borel 
nature of analytic sets. 

Let X and Y be Polish spaces and A<Z X, B C. 
Y . We say that A is Borel reducible to B if there 
is a Borel function f : X ^Y such that f~^{B) = 
A. Note that if an analytic set A is Borel reducible 
to B and A is a Sj-complete set then, B is also 
S}-completc. 

Now, note that we can also define n}-coniplete 
sets analogously and the above results also hold for 
ni[-complete sets. 

Proposition: Let X be an uncountable Polish 
space and let K{X) be the family of all non-empty 
compact subsets of X. Then U{X) = {K e 
K(X) : iiT is uncountable} is S}-completc. Fm- 
thermore, the set {K G K{X) : if is countable} 
is n}-complete. 

Pro p osition : (Marczewski) The set DIFF of ev- 
erywhere differentiable functions / : [0, 1] ^ R 
is n}-complete. In particular, it is a co-analytic, 
non-Borel subset of the space of real-valued con- 
tinuous functions on [0, 1]. 

Let /u be a (j-finite measure on {X,Bx), X 
Polish. Then every analytic subset of X is /i- 
measurable. Further, every analytic subset of a 
Polish space has the Baire Property. 

We also note that if X is an uncountable Pol- 
ish space and B be either the Baire c-algebra 
or the completion B'^ with fj, being a continuous 
probability on X, then no cr-algebra A satisfying 
cr(S}) C ^ C B is countably generated. 

Note that every uncountable analytic set con- 
tains a homeomorph of the Cantor ternary set and, 
hence, is of cardinality c. 



Let X and Y be Polish spaces and f : X ^ Y 
a continuous map with uncountable range. Then 
there is a homeomorph of the Cantor set C C X 
such that f\C is 1-1. 

Proposition : Let X be Polish and A G X. The 
following are equivalent: 

(i) A is analytic, 

(ii) There is a closed set C C X x such that 

A = {x E X : Cx is uncountable}, 

(iii) There is a Polish space Y and an analytic 
set B C X xY such that A = {x G X : 
Bx is uncountable}. 

Simpson 's Theorem : If X an analytic subset of a 
Polish space, Y a metrizable space, and f : X ^Y 
a Borel map, then f{X) is separable. 

Every Borel homomorphism (p : G ^ H from 
a completely metrizable group G to a metrizable 
group H is continuous. 

A set A of real numbers has strong measure zero 
if for every sequence (a„) of positive real numbers, 
there exists a sequence (/„) of open intervals such 
that \In\ < an and ^ C [J^ /„. 

Then, 

(i) Every countable set of real numbers has strong 

measure zero, 

(ii) Every strong measure zero set is of (Lebesgue) 

measure zero, 

(iii) Family of all strong measure zero sets is a 
cr-ideal. 

Further, if A C [0, 1] is a strong measure zero set 
and / : [0, 1] ^ R is a continuous map, then the 
set f{A) has strong measure zero. Note that not 
all (Lebesgue) measure zero sets of real numbers 
have strong measure zero. The Cantor ternary set 
is not a strong measure zero set. 

No set of real numbers containing a perfect set 
has strong measure zero. The Borel Conjecture is 
that no uncountable set of real numbers is a strong 
measure zero set. Also, no uncountable analytic 
A C R has strong measure zero. 

There is a set A of real numbers of cardinality 
c such that A p| C is countable for every closed, 
nowhere dense set C. Such a set is a Lusin Set . 
Every Lusin set has strong measure zero. 

A co-analytic set is cither countable or of cardi- 
nality Hi, ie, of cardinality c. 

The following separation theorems and the dual 
results - the reduction theorems - are among some 
of the most important results on analytic and co- 
analytic sets. 

First Separation Theorem ( Analvtic Sets ): Let 
A and B be disjoint analytic subsets of a Polish 
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space X. Then there is a Borel set C such that 
A C C and Bf]C = ^. In this case, we say that 
C separates A from B. 

Theorem : (Souslin) A subset A of a Pohsh space 
X is Borel if and only if it is both analytic and co- 
analytic, ie, A\{X) = Bx- 

Suppose Ao, Ai, ... are pairwise disjoint analytic 
subsets of a Polish space X. Then there exist 
pairwise disjoint Borel sets Bo,Bi,... such that 
Bn ^ for all n. 

Let i? C X X X be an analytic equivalence re- 
lation on a Polish space X. Suppose A and B are 
disjoint analytic subsets of X. Assume that B is 
invariant with respect to E, ie, B is a union of in- 
equivalence classes. Then there is an £'-invariant 
Borel set C separating A from B. 

Let A be an analytic subset of a Polish space, Y 
a Polish space, and f : A Y a 1-1 Borel map. 
Then f : A ^ /(^) is a Borel isomorphism. 

Let X and Y be two Polish spaces, A C X he 
analytic, and f : A Y he any map. Then the 
following are equivalent statements: 

(i) / is Borel measurable, 

(ii) graph(/) is Borel inAxY, and 

(iii) graph(/) is analytic. 

Solova v Coding of Borel Sets - Let (r^) be an 
enumeration of the rational numbers and let J be 
the pairing function on N x N defined as J{m, n) = 
2'"(2n -I- 1). We define the Solovay coding recur- 
sively as follows: 

(s-i) a e codes [r,,rj\ if a(0) = 0(mod3), 
a{l) = i, and a{2) — j, 

(s-ii) Suppose a, € codes Bi CR,i = 0, 1, 
then a e codes \J^ Bi if a(0) = l(mod3) 
and a{J{m,n)) = am{n), 

(s-iii) Suppose /? e N^* codes B, a{0) = 2(mod3), 
and a{n + 1) = ,/3(n). Then a codes B"^, 

(s-iv) a codes B CR only as per (s-i), (s-ii) and 
(s-iii) above. 

Then, we have the following: 

(i) Every a G codes at most one subset of R, 

(ii) Every Borel subset of M is coded by some a G 

nn, 

(iii) If a subset of M is coded by a, it is Borel. 

Next, we define a function $ : N^* x N ^ 
with the property that if a codes a Borel set B, 
then $(a, .) recovers the Borel sets from which B 
is constructed. 



To achieve this above, we fix an enumeration 
(s„), without any repetition, of N^'^ such that 
Sn -< Sm =^ n < m with sq being the empty se- 
quence. 

Set $(a,0) = a,a G N^. Let n > and sup- 
pose that $(«, m) has been defined for all a £ 
and for all m < n. Let m < n and u be such 
that Sn = s^JTw. Define for i G N, ^{a,n){i) = 
if $(a,m)(0) = 0(mod3), = $(«, to)(J(m, i)) 
if $(Q!,m)(0) = l(mod3), = ^{a,m){i + 1) if 
$(a,m)(0) = 2(mod3). 

Then, the graph of $ is Borel and, hence, $ is 
Borel measurable. Also, by induction on n, we see 
that if a codes a Borel set, then for all n, $(a, n) 
codes a Borel set. 

Now, for (3gN^, define 0eN^ such that for ev- 
ery n G N,_s^(„) = (/3(0),/3(l),...,/3(n- 1)). The 
map (3 ^ P is continuous. 

Now, define the co-analytic set C = {a G N'^ : 
(V/3)(3n)$ {a, 3{n)) = O}. Then C is closed under 
Solovay 's coding (s-i) - (s-iv). 

Solovay then constructed an example of a non- 
Borel measurable function / : C x M — > 2^ whose 
graph is Borel in C x R x 2". 

Next, let X and Y he Polish spaces, A C X 
Borel, and f : X Y a. 1-1 Borel map. Then, 
f{A) is Borel. 

Let X be standard Borel and Y be metrizable. 
Suppose there is a 1-1 Borel map / from X onto 
Y. Then Y is standard Borel and / a Borel iso- 
morphism. 

If T and T' be two Polish topologies on X such 
that T' C a{T). Then, a(r) = a{T'). 

Blackwell-Mackev Theorem : Let X be an ana- 
lytic subset of a Polish space and ^ be a countably 
generated sub ct- algebra of the Borel cr-algebra Bx- 
Let i? C X be a Borel set that is a union of atoms 
of A. Then B e A. (This result is not true if X is 
co-analytic.) 

Let X be an analytic subset of a Polish space 
and Ai and A2 he two countably generated sub a- 
algebras of the Borel cr-algebra Bx with the same 
set of atoms. Then Ai = ^2- In particular, if A 
is a countably generated sub u-algebra containing 
all the singletons, then A = Bx- 

The Generalized First Separation Theorem : Let 
{An) be a sequence of analytic subsets of a Polish 
space X such that f]^ A„ = 0. Then there ex- 
ist Borel sets i?„ 2 An such that Pl^^ i?„ = 0. If 
{An) satisfies the conclusion of this result, we call 
it Borel separated . 

Let {En) be a sequence of subsets oi X, k G 
N, and Ei = {JnEm for i < k. Suppose {En) is 
not Borel separated. Then there exist rio, ni, .... 
such that the sequence Eon„, Ei^, -, Ekn,,, Ek+i, 
Ek+2, -"is not Borel separated. 
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Let {An) be a sequence of analytic subsets 
of a Polish space X such that linisupA„ = 0. 
Then there exist Borcl sets i?„ D An such that 
limsupSra = 0. This result is not true for co- 
analytic An's. 

Weak Reduction Princi ple for Co - Analytic Sets : 
Let Co, Ci, C2, ... be a sequence of co- analytic 
subsets of a Polish space such that IJ C„ is Borel. 
Then there exist pairwise disjoint Borel sets -B„ C 
Cn such that [J Bn = [jCn- 

Let E be an anal}d;ic equivalence relation on a 
Polish space X. Suppose Aq, Ai, A2, ... are in- 
variant analytic subsets of X such that f]An =0. 
There then exist invariant Borcl sets _B„ D An with 
Cln^n = 0- Hence, if Co, Ci, C2, ... is a sequence 
of invariant co-analytic sets whose union is Borel, 
then there exist pairwise disjoint invariant Borel 
sets Bn C Cn with \jBn =\JCn. 

For the following considerations marked by *, 
let X and Y be fixed Polish spaces and (Vn) be a 
countable base for Y. 

* Let Ao and Ai be disjoint analytic subsets 
oi X X Y with the sections {Ao)x,x G X, closed 
in Y. Then there exists a sequence of Borel 
subsets of X such that Ai C (B„ x Vn) and 

^oflUn {BnXVn) = <i. 

* Structure Theorem for Borel Sets with Open 

Sections : Suppose B C X xY is any Borel set with 
Bx open, X X . Then there is a sequence (Bn) of 
Borel subsets of X such that B — [j {Bn x Vn). 

* Let Ao and Ai be disjoint analytic subsets of 
X X Y with sections {Ao)x and {Ai)x closed for 
all X € X. Then there exist disjoint Borel sets Bo 
and Bi with closed sections such that Ao C Bo 
and AiC Bi. 

* Suppose B C X X Y is a. Borel set with the 
sections B^ closed. Then there is a Polish topology 
T finer than the given topology on X generating 
the same Borel fj-algebra such that B is closed rel- 
ative to the product topology on X x Y, X being 
equipped with the new topology T. 

* Let Ao and Ai be disjoint analytic subsets f 
X X Y with sections {Ao)x being compact. Then 
there exists a Borel subset Bo in X xY with com- 
pact sections separating Ao from Ai. 

* Let Ao,Ai C X X y be disjoint and analytic 
with the sections {Ao)x, {Ai)x closed. Then there 
exists a Borel map u : X x Y ^ [0, 1] such that 
y — > u{x, y) is continuous for all x and ^(a;) = if 
a; G Ao and u{x) = 1 ii x € Ai. This result does 
not hold for co-analytic Ao, Ai. 

* Let B C X X Y he Borel with sections closed 
and f : B ^ [0,1] a Borel map such that y 
f{x,y) is continuous for all x. Then there is a 
finer topology T on X generating the same Borel 
cr- algebra such that when X is equipped with it, 
B is closed and / continuous. Hence, there is a 



Borel extension F : X x Y [0,1] oi f such that 
y F{x,y) is continuous for all x. Notably, [0, 1] 
can be replaced by any compact convex subset of 
M" in this result. However, this result does not 
hold for co-analytic B. 

* In general, projection of a Borel set need not 
be Borcl. However, ii B Q X x Y is Borel and 
the sections Bx are open (convex) (compact) in Y , 
then TTx{B) is Borel in X. The projection Trx{B) 
is also Borel when for every x G itx{B), (i) the sec- 
tions Bx contains exactly one point, (ii) Bx is non- 
meager (iii) P{x,Bx) > 0, where P is any transi- 
tion probability on X x Y. Furthermore, if Y is 
(T-compact (or, equivalcntly, locally compact) then 
the projection of every Borel set B in X xY with 
a;-sections closed in Y is Borel. 

Now, let (C, o) be a Polish group and H a closed 
subgroup. Suppose E = {{x,y) : xy~^ G H}, ie, 
E is the equivalence relation induced by the right 
cosets of H. Then the cr-algebra of invariant Borel 
sets is countably generated. The converse of this 
result is also true. 

Let G be a Polish group and H its Borel sub- 
group. Suppose that the a-algebra of invariant 
Borcl sets is countably generated. Then the sub- 
group H is closed. 

Let X be a Polish space and G a group of its 
homeomorphisms such that for every pair U, V 
of non-empty open sets there is g G G with 
g{U) Pi F ^ 0. Suppose A is a G-invariant Borel 
set, ie, g{A) = A for all g € G. Then either A or 
A'^ is meager in X. 

Let X € X. The set Gx — {g € G : gx = x} is 
called the stabilizer of x. Clearly, Gx is a subgroup 
of the group G. 

Let (G, o) be a Polish group, X a countably gen- 
erated measurable space with singletons as atoms 
and {g,x) gx an action of G on X. Suppose 
that for a given x, the map g gx is Borel. Then 
the stabilizer Gx is closed. 

Let G be a Polish group, X a Polish space, and 
a{g, x) = gx an action of G on X. Assume that gx 
is continuous in x for all g and Borel in g for all x. 
Then the action is continuous. 

If (G, o) is a group with a Polish topology such 
that the group operation (9, h) gh is Borel, then 
g g^^ is continuous. 

Note that if (G, o) is a group with a Polish topol- 
ogy such that the group operation is separately 
continuous in each variable, then G is a topologi- 
cal group. 

As a substantial generalization of the above, we 
have the result that: If (G,o) is a group with a 
Polish topology such that h ~> gh is continuous 
for every g d G, and g gh for all h. Then G is 
a topological group. This follows by showing that 
the group operation gh is jointly continuous. Also, 
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for every meager set / and for every g, Ig = {hg : 
h € 1} is meager. 

As a further generalization of the same rcsuh, 
we have that: If {G,o) is a group with a topol- 
ogy that is metrizable, separable, and Baire, and 
if the multiplication gh is continuous in h for all 
g and Baire measurable in g for all h, then G is a 
topological group. 

A norm on a set S is a map (f : S ON. Let 
lyj be a norm on a set S. Define <^ as the binary 
relation x <^ y 4^ ip{x) < <fi{y). Then <^ is 

(i) reflexive, 

(ii) transitive, 

(iii) connected , ie, for every x,y € S, at least one 
of X <^ y OT y <^ X holds, and 

(iv) there is no sequence (x„) of elements in S 

such that Xn+i <ip Xn for all n, where x <^ 

y <^ ^(x) < ip{y) <^ x <ip yand-iy <ip x. 

Such a binary relation, satisfying (i)-(iv) above is 
called as a pre- well-ordering on S. 

Let X be a Polish space and A C X he co- 
analytic. A norm (p on. A is called a n}- norm if 

there are binary relations 11} and <,^^€ 

on X such that foTc y € A, x € Aa,ndip{x) < 

(f{y) ^ X y X y. 

Then, every U\ set A in a Polish space X admits 
a n}-norm tp : A ^ uJi. 

Let X be a Polish space and AC X co-analytic. 
A norm (fi : A ^ ON is a IlJ-norm if and only if 

there are binary relations <<^^ and <(^S both in 
S}, such that for every y € A, x G A Sz <f{x) < 

(fi{y) <^ a; y and x G A ip{x) < ip{y) ^ 

X '^ip 

Let A C X and (p he a. norm on A. Define <* 
and <* on X as: .x <* y <^ x S A & (y ^ A or (y G 
Ak(p{x) < (fiiy))) and x<*y^xGA&(y^ 
AoT{y G Ak(p{x) < ifiiy))). 

Let X be a Polish space. A C X co- analytic, and 
If a norm on A. Then (p is a Xlj^-norm if and only 
if both <* and <* are co-analytic. 

Let us identify a tree T on N with its character- 
istic function Xt & ^^''^ , ie, Tr = {T € 2^^^ : 
T is a tree onN}. Note that Tr is a G5 set in 2^^ , 
when 2^^ is equipped with the product of dis- 
crete topologies on 2 and, hence, is a Polish space. 
Let WF = {T e Tr : T is well founded}. WF is 
n}-complete and co-analytic. 

Next, identify binary relations on N with points 
of 2«><« and equip 2^^'''"' with the product of dis- 
crete topologies on 2. Let LO = {a G 2^^^ : 
a is a linear order}. Then LO is Borel. Define 



WO = {a € 2NXN : q is a well order}. Then WO 
is co-analytic and IlJ-complete since there exists 
a continuous map R : Tr — »■ 2^'^^ such that 
WF = R-\WO). 

Boundedness Theorem for n|- Norms : Suppose 
A is a set in a Polish space X and p : A ^ 
LOi a norm on A. Then for every set B <Z A, 
sup{(p(x) : X & B} < ui. Hence, A is Borel if and 
only if sup{i^(a;) : x G A} < wi. 

Reduction Principle for Co-analytic Sets : Let 
{An) be a sequence of 11} sets in a Polish space X. 
Then there is a sequence (A* ) of n} sets such that 
they are pairwise disjoint, A* C An, and A* = 

U„A„. 

Let X be Polish and Aq, Ai be co-analytic sub- 
sets of X. Then there exist pairwise disjoint co- 
analytic sets Aq, A\ contained in ^o, A\ respec- 
tively such that Alij Al ^ Ao[j Ai. 

Note that analytic sets do not satisfy the reduc- 
tion principle and the co-analytic sets do not sat- 
isfy the separation theorems. 

A very useful parametrization of Borel sets is 
provided by the following: Let X be a Polish 
space. Then there exist sets C G 11} (N^) and 
F G n} (N^ X X), [/ G S} (N^^ X X) such that 
for every a G C, C/„ = and A}(X) = {{/„ : 
a G C}. In particular, there are a co-analytic set 
and an analytic set contained in N'^ x X that are 
universal for A}(X). 

Note that in the above we cannot replace C G 
n} by C G s}, 

A Choq uet-capacit V on a Polish space X is a 
set-map or a set-function I : V{X) [0, 00] such 
that 

(i) I is monotone, ie, A C B =^ I (A) < I{B), 

(ii) Ao C Ai C A2 C ... =^ lim/(A„) = I{A) 

where A = IJra^n- that / is going 

up. 

(iii) I{K) < 00 for every compact K C X, and 
lastly, 

(iv) For every compact K and every t > 0, 1{K) < 
t implies that there is an open set U D K 
such that I{U) < t. In this case, we say that 
/ is right- continuous over compacta. 

Let 12* he the associated outer measure corre- 
sponding to a finite Borel measure on a Polish 

space. Then, for any A C X, fi* = inf{;u(S) : B D 
A, Ais Borel} is a capacity on X. 

In general, if / is a capacity on a Polish space 
X and /* : ViX) [0, 00] be defined as /*(A) = 
inf{/(B) : B D A,Bis Borel}. Then /* is a capac- 
ity on X. 

Let X he Polish and define / : V{X x X) 2 
by I (A) = if Tri{A)f]TT2{A) = 0, and I (A) = 
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1 otherwise, where tti and 7r2 are two projection 
maps on X X X. Foi A C X x X, let R[A] = 
7Ti{A) X Tr2{A). Then / is a capacity on X x X. 
This / is the separation capacity on X x X. 

Let X,Y he Polish spaces and / : X — > y be a 
continuous function. Suppose that / is a capacity 
on Y. Define If (A) = I{f{A)),AC X. Then // is 
a capacity on X. 

Let / be a capacity on a PoHsh space. Sup- 
pose [Kn) is a non-increasing sequence of compact 
subsets of X decreasing to, say, K. Then, I{Kn) 
converges to I{K). 

Consider I : V ^ 2 defined by I{A) A is 

contained in a K„ set and I {A) = 1 otherwise. But 
/ is not a capacity since / is not right-continuous 
over compact a. 

Let X be a Polish space, / a capacity on X , and 
A C X. We say that A is J- capcitable if I {A) = 
sup{/(K) : K C ^compact}. A subset A is called 
as universall y ca p acitablc if it is J-capacitable with 
respect to all capacities I on X. 

Let X, y be Polish spaces and / : X ^ y a 
continuous map. Assume ^ C X is universally 
capacitable. Then }{A) is universally capacitable. 
(This is almost the only known stability property 
of the class of universally capacitablc sets.) Note 
that the complement of a universally capacitable 
set need not be universally capacitablc. 

Let / be a capacity on a Polish space X and A C 
X universally capacitable. Then I{A) = I* {A) 
where I* {A) = inf{7(B) : B D A,BBorel}, as 
defined earlier. 

Note that the space N'^ of irrational numbers is 
universally capacitable. 

The Choquet Capacitability Theorem : Every 
analytic subset of a Polish space is universally ca- 
pacitable. 

Further, let X be Polish and / be the separation 
capacity on X x X. Assume that a rectangle Ai x 

A2 be imivcrsally capacitablc. If I{Ai x A2) — 
then there is a Borel rectangle B = Bi x B2 
containing Ai x A2 of /-capacity 0. 

Second Se p aration Theorem for Anal y tic Sets : 
Let X be a Polish space and A, B two analytic 
subsets. There exist disjoint co-analytic sets C and 
D such that .4 \ B C C and B \ ^ C _D. 

Suppose X is a Polish space and let [An) be a 
sequence of analytic subsets of X. Then there ex- 
ists a sequence (Cn) of pairwise disjoint co-analytic 

subsets of X such that An \ Um#n ^™ — ^n- 

Let X be a Polish space and (A„) a sequence of 
analytic subsets of X. Then there exists a sequence 
(C„) of CO- analytic subsets of X such that we have 
An \ limsupAm C Cn and limsupC„ = 0. 

Note that the Generalized First Separation Prin- 
ciple does not hold for co-analytic sets. 



Let X be a Borel subset of a Polish space, Y 
Polish and / : X ^ y Borel. Then Zf = {y&Y: 
f~ ^{y) is a singleton} is co-analytic. 

Let X, y be Polish and B C X x y a Borel set. 
Then the set Z = {x G X : B^; is a singleton} is 
co-analytic. 

If X, y are Polish and B a Borel subset of X x 
y such that for every x £ X the section B^ is 
countable, then irxiB) is Borel. 

Let X, y be Polish and / : X x y a countable- 
to-one Borel map. Then f{B) is Borel for every 
Borel set B in X. 

Let X be Standard Borel, Y polish, AC X xY 
analytic with Trx{A) uncountable and that Va; G 
7rx(a), the section A^ is perfect. Then there is a 
C C TTxiA) homeomorphic to the Cantor ternary 
set and a 1-1 Borel map f : C x 2^ A such that 
T^x {f{x, a)) = X, Vx and every a. 

Now, the Axiom of Choice states that every fam- 
ily {Ai : i e /} of nonempty sets admits a choice 
function. It however does not specify the proce- 
dure by which we can make the choice of such sets. 
This situation leads to selection criteria or the se- 
lection theorems. 

A multifunction G : X ^ y is a map with 
domain X and whose values are nonempty sub- 
sets of y. For any ^ C y, we put G~^(^) = 
{x e X : G{x)r\A ^ 0}. We call {{x,y) G 
X X y : J/ e G{x)} the graph of the multifunc- 
tion G and will denote it by gr(G). We have 
G-\A) =7rx (gr(G)n(XxA)). 

A selection of a multifunction G : X ^ y is a 
point map s : X ^ Y such that s{x) e G{x) for 
every x G X. 

Let A denote a class of subsets of X. We re- 
strict ourselves to cases where A is the cr-algcbra 
or X being a Polish space and A being one of the 
additive class S^(X). 

For a Polish Y, a multifunction G : X ^ Y 
is called ^- measurable ( strong ly ^- measurable ) if 
G^ ^{U) e A for every open (closed) set U in Y. 
We will often omit the prefix A. 

Suppose X is a measurable space, y is a Polish 
space and F{Y) is the space of all nonempty closed 
sets in Y with the Effros Borel structure. Then a 
closed-valued multifunction G : X — > y is measur- 
able if and only if G : X — > F{X) is measurable as 
a point map. 

A multifunction G : X — > y is called as lower- 
semicontinuous (uppcr- scmicontimious ) if G~ ^{U) 
is open (closed) for every open (closed) set U CY. 
If g( : X ^ y be a continuous open (closed) onto 
map then G{x) = g~^{x) is lower semicontinuous 
(upper semicontinuous) . 

Let y be metrizable, G : X ^ Y strongly A- 
measurable, and A closed under countable unions. 
Then G is ^-measurable. 
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Let {X, A) be a measurable space, Y Polish and 
G : X a, closed-valued measurable multifunc- 
tion. Then gr(G) G A^By- The converse of this 
is, in general, not true. 

If X,Y are two Polish spaces and if ^ is a sub- 
algcbra of Bx, then every compact- valued multi- 
function G : X ^ Y whose graph is in ^ By is 
seen to be ^-measurable. 

Now, let B C X xY. A set C C B is called as 
a uniformization of B if for every x X, the sec- 
tion Cx contains at most one point and nxiC) = 
nx{B). That is to say, C is a uniformization of 
B if it is the graph of a function / : ttx{B) ^ Y. 
Such a map / will be called section of B . 

A Borel set B C X x Y admits a Borel uni- 
formization if and only if wxiB) is Borel and B 
admits a Borel section. 

If Ci and C2 are disjoint co-analytic subsets of 
[0, 1] that cannot be separated by Borel sets and if 
Bs be a closed subset of [0, 1] x E(,s) whose projec- 
tion is [0, 1] \ Cs, s = 1 or 2, and if B = Bi IJ B2, 
then B is a closed subset of [0, 1] x N'^ whose pro- 
jection is [0,1]. Such a set B does not admit a 
Borel uniformization. 

Let V be the partition of X and A C X . We 
put A* = \J{P GV:Af]Pj^l^)}. Thus, A* is the 
smallest invariant set containing A and is called 
the saturation of A . 

Let X be a Polish space and A family of subsets 
oi X. A partition D will be called ^- measurable 
if the saturation of every open set is in A. We 
then say that the partition 2? of a Polish space 
X as closed . Borel . etc. if it is closed, Borel etc. 
in X X X. It is said to be lower - semicontinuous 
fupper- semicontinuous ) if the saturation of every 
open (closed) set is open (closed). 

A cross-section of P is a subset S oi X such that 
S' Pi A is a singleton for every A E V. A section of 
I? is a map f : X X such that for any x,y € X 
(i) xVf{x) and (ii) xT>y => f{x) = f{y). To each 
section / we canonically associate a cross-section 
S = {xeX ■.x = f{x)} of p. 

If X is Polish and V is a Borel equivalence rela- 
tion on X, then the following are equivalent: 

(i) V has a Borel section 

(ii) V admits a Borel cross section. 

(Notice that we use here and elsewhere the same 
symbol V to denote a partition of X and a Borel 
equivalence relation on X .) 

A partition T> is said to be countably sep arated 
if there is a Polish Y and a Borel map f : X —^Y 
such that xVx' ■^=> f{x) = f{x'). 

For a partition 2? on a Polish space X, the fol- 
lowing are equivalent statements: 



(i) V is countably-generated, 

(ii) There exists a Polish space Y as well 
sequence of Borel maps /„ : X — > y such 
that Va;,y {xVy^'in {fn{x) = fn{y))), 

(iii) There then exists a sequence {Bn) of in- 
variant Borel subsets of X such that for 
all X, y {xVy <^\/n (a; £ B^ y £ B^)), in 
short, Xxy\l? = U„ {BnXB^). 

Every closed equivalence relation V on a Polish 
space X is countably generated. Every Borel mea- 
surable partition of a Polish space into Gs sets is 
countably separated. 

Let 2? be a partition of a Polish space X and let 
X /T) denote the set of all P-equivalence classes. 
Suppose q : X ^ X/V be the canonical quotient 
map. Then X/V equipped with the largest ct- 
algebra making q measurable is called the quotient 
Borel sp ace . The quotient a-algebra then consists 
of all subsets E of X/V such that q~^{E) is a 
Borel subset in X. 

If V is any countably separated partition of a 
Polish space X, then the quotient Borel space 
X/V is seen to be Borel isomorphic to some ana- 
lytic set in a Polish space. 

Importantly, note however that the quotient of 
a Standard Borel space by an equivalence relation 
need not at all be isomorphic to the Borel cr-algebra 
of a metric space. 

Let V he & Borel partition of a Polish space X. 
Then the following are equivalent: 

(i) V is countably separated, 

(ii) The cr-algcbra B* of D-invariant Borel sets is 

countably generated. 

Now, let Y denote a Polish space, d < 1 a com- 
patible complete metric onY , X a nonempty set, 
and C an algebra of subsets for the results marked 
by * below. 

* Kuratowski -Ryll- Nardzewski Theorem: Every 
£^ -measurable, closed- valued multifunction F : 
X — > F admits an £^ -measurable selection. 

The proof for the above theorem rests on the 
following two lemmas. 

* Suppose An E C^. Then there exists B^ C A^ 
such that the B^s are pairwise disjoint elements 
of£„ and U„^n = U„S«. 

* Let /„ : X ^ F be a sequence of /Im- 
measurable functions converging uniformly to / : 
X — > F. Then / is 1!^ -measurable. 

For a Polish space X and F{X) being the space 
of nonempty closed subsets of X with Effros Borel 
structure, there is a measurable s : F{X) X 
such that s{F) e F for all F G F{X). 
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Let (T, T) be a measurable space and Y a sep- 
arable metric space. Then every T-measurable, 
compact-valued multifunction F : T ^ Y admits 
a T-measurable selection. 

If F is a compact metric space, X a metric space 
and f : Y ^ X a continuous onto map then, there 
is a Borel map s : X ^ Y oi class 2 such that f os 
is the identity map on X. 

Suppose T is a nonempty set, C an algebra on T, 
and X a Polish space. Let F -.T ^ X is a, closed- 
valued jC, -measurable multifunction. Then there 
is a sequence (/„) of £^-measurable selections of 
F such that F{t) = cl ({/„(t) : n e N}) , i G T. 
Results of this kind are generally also called by 
the name of Castaing's Theorems . 

Furthermore, let T be a nonempty set, C be an 
algebra on T, X he a, Polish space, and F : T ^ X 
be a closed- valued £^ -measurable multifunction. 
Then there is a map / : T x N'^ ^ X such that 
(i) for every a € N^, t f{t, a) is £^ -measurable, 
and (ii) for every t € T, f{t, .) is a continuous 
map from N'^ onto F{t). Moreover, suppose that 
s : T — > X is an £^ -measurable selection for F 
and e > 0. Then the multifunction G : T —>■ X 
defined as G{t) = cl{F{t)f]B{s{t),e)), t e T is 
£^ -measurable. 

The Bhattachary a- Srivastava Theorem : Let F : 
X ^ y be closed- valued as well as strongly /Im- 
measurable. Suppose Z is a separable metric space 
and g -.Y ^ Z ii Borel map of class 2. Then there 
is an £m -measurable selection f of F such that gof 
is £m -measurable. 

Now, let X, Y be two compact metric spaces, 
/ : X — > y a continuous onto map. Suppose that 
A C Y and 1 < a < wi, ie, countable ordinals. 
Then .f~\A) G Ul{X) ^Ae Ul{Y). Moreover, 
for 1 < a < LUi, Z & separable metric space, and 
g : X ^ Z being a Borel map of class a, there is a 
class 2 map s :Y ^ X such that gf o s is of class a 
and / {s{y)) = y for all y. 

Schal 's Selection Theorem : Let (T, T) be a mea- 
surable space, y be a separable metric space, 
G : T — » F is a T-measurable compact- valued mul- 
tifunction. V be a real- valued function on gr(G), 
that is the point-wise limit of a non-increasing 
sequence {vn) of T{2) ;By |gr(G)-measurable func- 
tions on gr(G) such that for each n and each 
t GT, Vn{t,.) is continuous on G{t). Let v*{t) = 
sup {v{t, y) -.y e G{t)} ,t eT. Then there is a T- 
measurable selection g : T ^ Y for G such that 
v*{t) = vit,g{t)) for every t G T. 

Theorems of the above type are also known as 
Dubins - Savag e Selection Theorems in the dynamic 
programming literature. 

Theorem (Effros): Every lower-semicontinuous 
or upper-semicontinuous partition I? of a Polish 
space X into closed sets admits a Boreal measur- 



able section f : X ^ X of class 2. In particular, 
they admit a Gs cross section. 

Effros - Macke v Cross Section Theorem : Suppose 
if is a closed subgroup of a Polish group G and 
T> be the partition of G consisting of all the right 
coscts of H. Then T> admits a Borel measurable 
section of class 2. In particular, it admits a Gs 
cross section. 

Every Borel measurable partition V of a, Polish 
space X into closed sets admits a Borel measurable 
section f : X ^ X. In particular, it admits a Borel 
cross section. This is one of the most frequently 
used cross section theorems. 

Miller 's Theorem : Let (G, o) be a Polish group, 
X Polish, and a{g, x) = gox a,n action of G on X. 
Suppose for a given x G X that g ^ gox is Borel. 
Then the orbit {g o x : g E G} of x is Borel. 

If a section is measurable with respect to all 
continuous probability measures then it is called 
universally measurable . 

Let X, Y be Polish spaces, B <Z X xY Borel, 
and G an analytic uniformization of B. Then G is 
Borel. 

Von Neumann 's Theorem : Let X, Y he Polish 
spaces, A Q X 'kY analytic, and A — (t (Ti\{X)^ 
- the cr-algebra generated by the analytic subsets 
of X. Then there exists an ^-measurable section 
u : TTxiA) ^Y of A. 

Every analytic subset A of the product of Polish 
spaces X, Y admits a section u that is universally 
measurable as well as Baire measurable. Further- 
more, if A is Borel, then the graph of the section 
u is co-analytic. 

Note that a 1-1 Borel map defined on a co- 
analytic set need not be a Borel isomorphism, al- 
though those with domain analytic are. 

Let X,Y he Polish spaces and f : X ^Y Borel. 
Then there is a co-analytic set G C X such that 
f\C is 1-1 and /(G) = ,f{X). 

Let (X, £) be a measurable space with £ closed 
under the Souslin operation, Y a Polish space, and 
A G £<^By- Then nx{A) G £, and there is an 
f -measurable section of A. 

If (X, A, P) be a complete probability space, Y a 
Polish space, and B G A^By, then ttx{B) G A, 
and B admits an ^-measurable section. This is 
essentially the form in which Von Neumann proved 
his theorem originally. 

Bur gess's Theorem : Let a Polish group G act 
continuously on a Polish space X, inducing an 
equivalence relation Eg- Suppose Eq is countably 
separated. Then it admits a Borel cross section. 

A Lar ge Section Condition is the one where sec- 
tions do not belong to a g - ideal with appropriate 
computability property, eg, the c-ideal of meager 
sets or the cr-ideal of null sets. A Small Section 
Condition is the one for which the sections do 
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belong to a cr-ideal with appropriate computabil- 
ity property, eg, the cr-ideal of of countable sets or 
the (T-ideal of K^r sets. 

Theorem (Novikov): Let X, Y he Polish spaces 
and A a countably generated sub cr-algebra of Bx- 
Suppose B G By is such that the sections 
are compact. Then t^x{B) G A, and B admits an 
^-measurable section. 

Theorem (Lusin): Let X, Y he Polish spaces 
and B (~ X xY Borel with sections B^^ countable. 
Then B admits a Borel uniformization. 

Let X he Polish and V a countably separated 
partition of X with all equivalence classes count- 
able. Then T) admits a Borel cross section. 

Clearly, Novikov's theorem and Lusin's theorem 
are uniformization theorems for Borel sets with 
small sections. 

Let X, Y be Polish. A map 1:X-^V is 
called Borel on Borel if for every Borel B C X x F, 
the set {.T G X : 5j; G ^^(a:;)} is Borel. 

Some of the important Borel on Borel maps arc: 

(i) Let P be a transition probability on X x 1" 

with X, Y being Polish. Then the map T{x) : 
X ir{Y)) defined by I{x) = {N CY : 
P{x, N) = 0} is Borel on Borel. 

(ii) li X, Y arc Polish and T{x) the cr- ideal of all 

meager sets in Y , then X is Borel on Borel. 

(iii) UX,Y are Polish and G : X ^ y is a closed- 
valued Borel measurable multifunction, then 
define I : X ^ V {V{Y)) as: I{x) = {/ C 
Y : /ismeager inG(a;)}. Then I is Borel on 
Borel. 

Theorem (Kechris): Let X, Y be Polish. Now, 
assume that Borel on Borel map as- 

signing to each a; G X a cr-ideal Ix of subsets of Y. 
Suppose B C X X F is a Borel set such that for 
every X G TixiB), Bx ^ Ix- Then Trx{B) is Borel, 
and B admits a Borel section. 

Theorem (Kechris-Sarbadhikari): If B is a Borel 
subset of the product of two Polish spaces X, Y 
with Bx non- meager in Y for every x G wxiB), 
then B admits a Borel uniformization. 

Thus, every Borel set B C X x Y with Bx a 
dense Gs set admits a Borel uniformization. 

Theorem (Blackwell and Ryll-Nardzewski): Let 
X, Y he Polish spaces, P a transition probability 
on X X y, and B C X X y Borel with P{x, Bx) > 
for all x G nx{B). Then wxiB) is Borel, and B 
admits a Borel uniformization. 

Let X, Y he Pohsh, A a countably generated sub 
cr-algebra of Bx , and P a transition probability on 
X X y with X —y P{x, B) as yl-measurable for every 
B e By- For every E e A<S>By and every e > 0, 



there is an F G ^ By contained in E such that 
Fx is compact and P{x,Fx) > e-P{x,Ex)- 

Theorem (Blackwell and Ryll-Nardzewski): Let 
X, y be Polish, A a countably generated sub a- 
algebra of Bx, P a transition probability on X x y 
with X P{x, B) as ^-measurable for every B G 
By- Suppose B e A<^ By is such that P(x,Bx) > 
for aU X G 7rx(B). Then 7rx(B) G A, and B 
admits an ^-measurable section. 

Theorem (Lusin): If X and Y are Polish and B a 
Borel set with Bx countable, then B is a countable 
union of Borel graphs. 

A subset A of X is called a p artial cross section 
if j4 Pi C is at most a singleton for every member 
C of the partition D of X. 

If X> is a countably separated partition of Polish 
X into countable sets, then there is a sequence 
{Gn) of partial Borel cross sections of V with 
Un Gn = X and if G„ and Gm are distinct, then 
Gn U is not a partial cross section. 

Let X be Polish and G a group of Borel automor- 
phisms on X, ie, each member of G is a Borel iso- 
morphism of X onto itself and G is a group under 
composition. Define xEcy <^=> i^g G G)(y = g{x)). 
Then Eg is an equivalence relation on X. Eq is 
called the e quivalence relation induced by G. It is 
clearly analytic, and Borel if G is countable. The 
converse of this result also holds. 

Every Borel equivalence relation on a Polish 
space X with its equivalence classes being count- 
able is seen to be induced by a countable group of 
Borel automorphisms. 

Theorem (Miller) : Every partition P of a Polish 
space X into Gs sets such that the saturation of 
every basic open set is simultaneously and Gs 
admits a section s : X ^ X that is Borel measur- 
able of class 2. In particular, such partitions admit 
a Gs cross section. 

Theorem (Srivastava): Every Borel measurable 
partition 2? of a Polish space X into Gs sets admits 
a Borel cross section. 

Let X be a Pohsh space and $ C -p(X). We 
then say that <& is 11} on 11} if for every Polish 
space y and every 11} subset D of y x X, {?/ G 
y : G $} G nj. 

The Reflection Theorem : Let X be Polish and 
$ C -p(X) n} on n}. For every 11} set A G $ 
there is a Borel i? C >1 in $. 

If X, y are Polish and ^ C X x y analytic with 
sections Ax countable, then every co-analytic set 
B containing A contains a Borel set E ^ A with 
all sections countable. 

Theorem (Lusin) : Every analytic set with count- 
able sections, in the product of two Polish spaces, 
can be covered by countably many Borel graphs. 

Let X be Polish, E an analytic equivalence re- 
lation on X, and C C X x X a co-analytic set 
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containing E. Then there is a Borel equivalence 
relation B such that E C B C C. 

Let X be Polish, P analytic, C co-analytic, and 
£{P) C C. Then there is a Borel set containing P 
such that £{B) C C. 

For every analytic equivalence relation E on a, 
Polish space X there exist Borel equivalence rela- 
tions Ba, a < oji, such that E = f]^^^_^ B^- 

Let X be Polish and C be a sub cr-algebra of the 
Borel (T-algcbra Bx- A weak complement of C is 
another sub (T-algcbra T) of Bx such that C\l T> = 
Bx where C\l V = a {C[_}'D). A weak complement 
T> is called as minimal if no proper sub CT-algc;bra 
is a weak complement. 

A complement of C is a sub a-algebra V such 
that C V 2? = and = {0, X). 

If X is Polish and C is a countably generated sub 
(7-algcbra of Bx , then every weak complement of C 
contains a countably generated weak complement. 

If X is Polish, C C Bx, and if P is a minimal 
weak complement, then Cf]V = {0,X}, ie, V is 
also a complement. 

Let X be an uncountable Polish space, then the 
countable-cocountable a-algebra does not have a 
complement. 

Theorem : Every countably generated sub a- 
algebra of the Borel cr-algebra of a Polish space 
has a minimal complement. 

Let X be Polish and C a countably generated sub 
cr- algebra of Bx- Suppose V is a. countably gener- 
ated sub (7-algebra of Bx such that every atom A 
of 1? is a partial cross section of the atoms of C. 
Further, assume that for any two distinct atoms 
Ci , C2 of V, Ci U C2 is not a partial cross section 
of the set of atoms of C. Then I> is a minimal 
complement of C. 

Uniformization Theorem (Arsenin & Kunugui); 
Let B C X xY he a, Borel set, X and Y being Pol- 
ish, such that Bx is cr-compact for every x. Then 
iTx{B) is Borel, and B admits a Borel uniformiza- 
tion. 

Theorem (Saint Raymond): Let X,Y he Polish 
spaces and A, B C X xY he analytic sets. Assume 
that for every x, there is a cr-compact set K such 
that Ax C K C- B^. Then there exists a sequence 
of Borel sets (i?„) such that the sections {Bn)x are 
compact, A C IJ^^ S„ and B f] U„ B„ = 0. 

Let X, Y he Polish spaces and A C X x Y 
a Borel set with sections A^ u-compact. Then 
A = [J^Bn, where each _B„ is Borel with {Bn)x 
compact for all x and for all n. 

Let B C X X Y he a Borel set with sections B^ 
that are Gs sets in Y. Then there exist Borel sets 
Bn with open sections such that B — f]^^ Bn- 

Let B C X X Y he a Borel set with sections B^ 
that are Fa- sets in Y. Then there exist Borel sets 
Bn with closed sections such that B — |J„ i?„. 



Now, recall that the family F{X) of all closed 
subsets of a Polish space X with the Effros Borel 

structure is a Standard Borel Space. A family B C 
F{X) is called hereditary if whenever A G B and 
B is a closed subset of A, then B G B. 

A derivative on X is a map D : F{X) F{X) 
such that for A,B e F{X) (i) D{A) C A, and (ii) 
ACB^ D{A) C D{B). 

Some examples of derivatives are: 

(i) Let B C F{X) he hereditary. Define Db{A) = 

{x & X : {M opent/ 9 x){c\{A^U) ^ B)}. 
Then Ds is a derivative on X. Note that 
if B consists of sets with at most one point, 
Z)b(A) is the usual derived set of A. 

(ii) Another important example is obtained by 
considering B to be the family of all compact 
subsets of X. 

Note the following property of D^: Let B he 
hereditary Then the set {{A,B) G F{X) x 
F{X) : A C Db{B)} is analytic. 

Let X be Pohsh, V : F{X) ^ F{X) a derivative 
on X, A C X closed, and a any countable ordinal. 
Define D"{A) by induction on a as follows: 
D°{A) = A 

D°'{A) = D{DP{A)), \ia = (3+l, and 
D'^iA) = n^<„ D^{A), if a is limit. 
Hence, {Z)"(A) : a < oji} is a non-decreasing 
transfinite sequence of closed sets. Then there is 
an a < wi such that D°'{A) = D°'+^{A). The least 
of such a will be denoted by \A\u- We then set 
£)°°(A) = L>I'4|°(A) and 
0/3 = {A e F{X) : D-^iA) = 0}. 
Now, let X be a Polish space and B C F{X) 
hereditary. Then Q^e =Baf]F{X). 

Let X be a Polish space and D a derivative on 
X such that {{A, B) e F{X) x F{X) : A C D{B)} 
is analytic. Then we have that 

(i) O^) is co-analytic, and 

(ii) for all analytic A'^flo, snp{\A\D : A e A} < 

LetJ^CF {M^) he a hereditary nj family. Sup- 
pose X is a Polish space and H C X x a closed 
set such that G J^a- Then there exists a se- 
quence {Hn) of Borel sets such that H = {J^ Hn 
and {Hn)x & ^ for all x. 

Now, every countably separated partition of a 
Polish space into cr-compact sets admits a Borel 
cross section. 

Let X, Y he two Polish spaces and A, B two 
disjoint analytic subsets oi X xY such that Ax 
is closed and nowhere dense for all x. Then there 
exists a Borel C C X x y such that the sections 
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Cx are closed and nowhere dense, and such that 
^ C C and Cfl^ = 0- 

Let X, Y be Polish spaces and A, B disjoint an- 
alytic subsets oi X xY. Assume that the sections 
Ax are meager in Y. Then there is a sequence (C„) 
of Borel sets with sections nowhere dense such that 
^CU„C„and {[^,,Cn)(^B = %. 

For every Borel set B X y.Y with sections B^ 
co-meagcr in Y , there is a sequence {Bn) of Borel 
sets such that {Bn)x is dense and open for every x 
and f]BnCB. 

Let X, y ne Polish spaces. For 1 < a < ivi, 
let J^a denote the family of all Borel subsets of 
X xY with .x-scctions of multiplicative class a and 
let Q = -iJ-a- By transfinite induction, we define 
families S*, 11* of subsets of X x F as follows. 
Take IIq to be the subsets of X x F of the form 
B xV, B Borel and V open. For a > 0, set S* = 

(U/3<an^)^and n; = -s;. 

Clearly, S* C g„ and H* C Note that 
TI* = ^2 and S2 = J^2- Furthermore, S* is pre- 
cisely the family of all Borel sets with sections that 
are open. 

Louveau 's Theorem : For every 1 < a < Wi, 

— -Fa- 

Theorem (Becker-Kechris) : Suppose a Polish 
group G acts continuously on a Polish space X and 
A is an invariant Borel subset of X. Then there 
is a finer Polish topology on X making A clopen 
with the action still continuous. 

Theorem (Becker-Kechris): Suppose a Polish 
group G acts on a Polish space and the action is 
Borel. Then there is a finer topology on X making 
the action continuous. 

Weak Topologcal Vaught Con i ccturc : Suppose a 
Polish group G acts continuously on a Polish space 
X. Then, under Cantor's Continuum Hypothesis, 
the number of orbits in < Hq or equals 2^°. 

Let E be an equivalence relation on a Polish 
space X. In this case, we then say that E has 
perfectly many e quivalence classes if there is a 
nonempty, perfect subset of X consisting of pair- 
wise i?-incquivalcnt elements. 

Topolo gical Vau ght Conjecture : Suppose a Pol- 
ish group G acts continuously on a Polish space X. 
Then the number of equivalence classes is count- 
able or perfectly many. 

Theorem (Burgess): Suppose E is an analytic 
equivalence relation on a Polish space X. Then the 
number of equivalence classes is < Hi or perfectly 
many. 

The topological Vaught conjecture is equivalent 
to the following statement: Suppose G is a Pohsh 
group acting on a Standard Borel Space X and the 
action is Borel. Then the number of orbits is < Hq 
or perfectly many. 



Theorem : The topological Vaught Conjecture 
holds if G is a locally compact Polish group. 

Suppose X is a Polish space and E an equiv- 
alence relation on X which is meager m. X x X, 
Then E has perfectly many equivalence classes. 

Theorem (Stern): Let E be an analytic equiva- 
lence relation on a Polish space X with all equiva- 
lence classes F„. Then the number of equivalence 
classes is < Hq or perfectly many. 

Silver 's Theorem : Suppose E \& & co-analytic 
equivalence relation on a Polish space X. Then 
the number of equivalence classes is countable or 
perfectly many. 

Suppose {Aq : a < cji} is a family of Borel sub- 
sets of a Polish space X and E is the equivalence 
relation defined on X as xEy Va(a; G y G 

Aq), x^y G X. Then the number of £^-equivalence 
classes is < Hi or perfectly many. 

Suppose Z isa. subset of a Polish space X of car- 
dinality > Hi such that no two distinct elements of 
Z are equivalent. Then there exists an a < wi 
such that both Zf]Aa and Zf^A"^ are of cardi- 
nality > Hi. 

Note that the orbit {gx : g G G} of every point 
a; of a Polish space X under a continuous action 
of a Polish group G is Borel. So the equivalence 
relation Ea on X induced by the action is analytic 
with all equivalence classes Borel. 

Theorem (Stern): Let E be an analytic equiva- 
lence relation on a Polish space X such that all but 
countably many equivalence classes are F^ or Gs- 
Then the number of equivalence classes is > Hq or 
perfectly many. 

Theorem (Stern): Assume analytic determinacy. 
Let E be an analytic equivalence relation on a 
Polish space X such that all but countably many 
equivalence classes are of bounded Borel rank. 
Then the number of equivalence classes is < Hq 
or perfectly many. 

In closing this rapid survey of some mathemati- 
cal results, we also note the following. 

Let ^ be a subset of a Polish space X. A scale 
on ^ is a sequence of norms (fn on A such that 
Xi e A, Xi ^ X, and Vn((^„(a;i) /x„), ie, (pnixi) 
is eventually constant and equals /x„ after a certain 
stage, imply that x € A and Vn {ipn{x) < /x„). 

If for each n, (pn ■ A ^ k, then we say that {(fin) 
is a K-scale. 

Given some ordinal k, let the lexico g ra p hical 
orderin g <iox be defined on k" by the follow- 
ing. Let (a*(0),M1),...,M«-1)) <iex (A(0),A(1), 
...,A(n-l)) ^ 3 i < n [Vj < i (M(j) = A(j)) 
& i^iit) < A(^))]. 

The lexicographical ordering is a well-order with 
order type k". Denote by (/i(0), /i(l). /i(n — 
1)) the ordinal < k" corresponding to (^(0),/i(l) 
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, ...,/i(n — 1)) under the isomorphism of (k", <iex) 
with k". 

Now, note that given some scale {(fin) on ^ C 
N^, we can always define a new scale as follows 
tpnia) = {tl)o{a),a{0),(pi{a),a{l),...,(pn{a),a{n)) 
The scale (tpn) has the following additional prop- 
erties 

(i) V'n(a) < ^niP) ^ Wm < n (^„(a) < 

V'm(/3)), and 

(ii) If aj e ^ '4>n{oii) — » /Un, then aj — > a for some 

aG A. 

Let ^ be a subset of a Polish space X . A scale 
defined on A is called as a ver y g ood scale if 

(i) ipn{x) < ipn{y) =>'\/m<n {ipm{x) < iPm{y)), 

(ii) If Xi G ^ and (pn{xi) Hn for all n, then 

Xi X for some x E A. 

Given a very good scale {(pn) on A, we can 
then select a unique p oint from A as follows. Let 
Aq = {x E a : (y5o(.T) is least, say /ig}: = 
{x G A : ip I (x) is least, say/ii}, A2 = {x E A : 
(/32 (a;) is least, say (12} , and so on. Thus, we have 
Aq ^ Ai D A2 ^ ... and if Xi G Ai, then 
^n(xi) = Hn for all i > n. Since {(pn) is a very 
good scale, there is an a; G ^ such that Xi —>■ x. 
Moreover, x G An for all n. 

Now, let y be any other point in f)^ An ■ Con- 
sider the sequence x,y,x,y, ... which is convergent 
as (ipn) is a very good scale. Therefore, x = y. 
Thus P|„ An is a singleton. The above procedure 
then selects a unique point from A, called as the 
canonical clement of A determined by {(fn)- 

A scale ((p„) on a co- analytic subset A of a Polish 
space X is called as a n}- scale if each (pn is a II}- 
norm on X. 

If {ipn) is a n}-scale on a co-analytic A C N'*', 
then {ipn) defined as tpn is also nj-scale. 

Theorem : Every co-analytic subset of N'^ admits 
a very good IlJ-scale. 

As a corollary of the above, we have the result: 
Let X be a Polish space and A C X co-analytic. 
Then A admits a very good n}-scalc. 

Kondo's Theorem : Let X, Y be Polish spaces. 
Every co-analytic set C C X x Y admits a co- 
analytic uniformization. 

Categorical Matters 

Now, a cate g ory £ is a structure comprising the 
following mathematical data 

(C-i) a class whose members A, B, ... are called 
objects of C, 



(C-ii) for each pair of objects A, B, there is given 
a set €{A,B), called the set of morphisms 
from AtoB: we write / : A — > B to indicate 
that / G <t{A,B), 

(C-iii) for each triple of objects A, B, C, a law of 

composition it{A, B) x £(5, C) C) is 

well defined for morphisms 

which is subject to the following two axioms 

(C-iv) Associativity : li f : A ^ B, g : B ^ C 
and /i : C ^ D, then {fg)h = f{gh). 

(C-v) Identities : For each A G £, there exists 
a morphism ba G <L{A,A) such that for all 
f : A ^ B, ca J = /, and for all g : C ^ A, 

geA = g- 

[We have adopted a right-handed notation for 
representing morphisms. Many authors use left- 
handed one or some other notation.] 

As can be established, the class of all topologi- 
cal spaces forms a category with (categorical) mor- 
phisms as continuous maps between them. 

Then, consider a class of standard Borcl spaces. 
Since each standard Borel space is also a topolog- 
ical space, these spaces form a cate gory that sat- 
isfies conditions (C-i) to (C-v) and an additional 
mathematical condition, that of each of its objects 
being isomorphic to some Borel subset of a Polish 
space. This additional condition is easily seen to 
be compatible with the conditions (C-i) to (C-v) 
of this class being a category. 

We then have the Category of Standard Borel 
Spaces with continuous maps being (categorical) 
morphisms between objects of this category. 

Then, each member of the category of standard 
Borel spaces is "related" to another of its members 
by a categorical morphism. In particular, it will be 
related to [See also [37].]. 

We have summarized above relevant definitions 
and results (without proofs). We note, in advance, 
that the physical space of Universal Relativity will 
be taken as a specific Standard Borel Space (of 
cardinality c or Hi). Many of the aforementioned 
results about measurable sets, Borel point-classes, 
measurable partitions, group of Borel automor- 
phisms etc. will then be relevant. 

Furthermore, results related to countable sets 
will be relevant to us when we will define appropri- 
ate notion of a point-object. It is then the reason 
why some of the results related to countable sets 
have also been mentioned above. 
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Dynamical systems 

DifFcTCintial equations of classical mechanics led 
to the study of (the generalized concept of) dy- 
namical systems. 

There are the following three major situations 
for the mathematical analysis of the evolution of 
the (topological) space X, namely, 

(i) X is a topological space and T is a homeomor- 

phism. Such studies are called by the name 
of Topolo g ical Dy namics . 

(ii) X is a measure space and T is a measure- 

preserving transformation. Related studies 
are called the Measurable Dy namics . 

(iii) X is a differentiable manifold and T is a dif- 
feomorphism. Related studies are called by 
the name of Differentiable Dy namics . 

The above three cases of course overlap consider- 
ably and it is possible to switch from one to another 
situation, as per convenience. It is often reward- 
ing to view the same example from all the three 
perspectives, when permissible. 

In the general context of dynamical systems, 
Poincare pointed out that if a cross section existed 
for a continuous flow on a compact manifold, one 
could, equivalently, study the complete flow using 
a homeomorphism of the cross section onto itself 
induced by the flow. 

Further, Birkhoff, in particular, pointed out the 
equivalence of the existence of a global cross sec- 
tion and a flow parameter that increased along 
streamlines of the flow. He explicitly showed that 
the original flow could be reconstructed with the 
knowledge of the cross section, the induced homeo- 
morphism and the value of flow parameter for first 
return of points in the cross section. 

The theory of dynamical systems is fundamen- 
tal to the present studies. Hence, to build the re- 
quired mathematical vocabulary, we provide below 
a rapid survey of its concepts. A knowledgeable 
reader may wish to skip it. 

If X is a space, its evolution is a transformation 
: X X where t is the parameter labelling 
the transformation. In general, we shall be inter- 
ested in a one-parameter family {T^ : t € M} of 
transformations of X onto itself. 

When the laws governing the space X do not 
change with the parameter t, we have Ts+t = TgTt, 
in which case, Tt is called a flow or a g roup action 
of R on X, ie, action of the additive group of the 
real line on X. 

We could, sometimes, also confine ourselves to 
actions of the additive group of Z, the set of inte- 
gers, ie, to iterates of a single Borel automorphism 
of a Standard Borel Space. 



Let {X,B) be a Standard Borel Space. Then, 
Tt, t G M is called as a jointly measurable flow of a 

Borel automorphism on X if, for each i S R, is 
a Borel automorphism of X such that 

(1) the map (T, x) ^ TfX from M x X -> X is 
measurable, where M x X is endowed with 
the usual product Borel structure 

{2) Tox = x\/ X G X and, 

(3) Tt+sX = Tto TsX for aU i, s e M and for aU 
x&X. 

As noted before, we shall be dealing with a 
certain standard Borel space (of cardinality c). 
Therefore, for convenience, a one-point compact- 
ification of space X as X = XlJ{oo} and the ex- 
tension of the dynamical system T to T in M x X 
with T{t, oo) = 00 for any t & M. will be always 
assumed. We will, however, omit the overhead hat 
on relevant quantities. 

We shall, generally, refer to the pair {X, Tt) as a 
dy namical sy stem . 

Let us define the following sets under the action 
of a dynamical system Tt on X: 

• the future limit of a point x & X ds,: 
n+{x) = {y € X :TtX when t ^ oo} 

• the past limit of a point a; G X as: 
n~{x) = {y E X : TfX y when t —oo} 

A point X G X is said to be an invariant p oint of the 
dynamical system if Tt{{x}) = {x} for all t. When 

we only have il^{x) = il~{x), we shall say that 
2/ is a limit p oint of T and x may "wander" in X 
for the intermediate values of t. A point x will be 
called a point of asymp totic rest of the dynamical 
system T if n+{x) = n-{x) = {x}. 

In general, we shall also adopt the following no- 
tations: for S* C A and / C M, 

• T{I, S) = Ti{S) = {T{t, x):teI,xeS}, 

• T{S)=T{R, S), 
.T+(5)=T([0,oo),5), 
.T-(5)=T((-oo,0],5). 

Then, T(7, S) is the history of set S for some in- 
terval of the parameter t, T{S) is the entire history 
of set S, T'^{S) is the future history of set S, and 
(S) is the past history of set S. 

Then, a set S is said to be invariant under the 
dynamical system if Tt{S) = S', Vi S R. 

Now, let (A, B. fi) be a complete probability 
space, ie, a set X with its a-algebra B of measur- 
able subsets and a countably additive non-negative 
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set function fi on B with = 1 and B contain- 

ing all subsets of sets of measure zero. 

Let T : X ^ X be a 1-1 and onto map such that 
T and T~^, both, are measurable, ie, T~^B = 
TB = B. [Notice that T may be well-defined and 
one-one, onto only after a set of measure zero is 
discarded from X .] 

Now, let ^ {T- M) = ^ (A) for all A G B. Such 
a transformation is called as a measure p reservin g 
transformation ( MPT ). 

For our studies related to dynamical systems, a 
fundamental system will then be {X, B, /x, T) with 
T being a MPT. For the one-parameter case, we 
will assume that Tt is a MPT for all t G M, the map 
{t, x) I— > Ttx is jointly measurable from R x X ^ 
X, To being the identity map. 

Now, if T : X ^ X is a MPT, then the set {T" : 
n € Z} is the orbit of a point x £ X representing 
a complete history of the system from infinite past 
to infinite future values of t. The tr-algcbra B is 
then the family of events with T-invariant measure 
fi specifying the i-independent probabilities of the 
occurrence of these history events. 

A function / : X — » M on a measurable space X 
is a measurable function if Support (/) p| ^{M) 
is a measurable set where M is any Borel subset 
of the real line K. 

Basic Ergodic Theorem : Given a measure pre- 
serving transformation T of a probability space 
(X, S, /i), let S e S be any measurable set. De- 
fine Sn{x) = #{i : < i < n,T'.T G B} and 
An{x) = Sn{x)/n,x G X. Then, for /i-almost ev- 
ery X G X, there exists A{x) — lim„_^oo ^n(2;)- 
Moreover, /-^ A{x) dfjb{x) = n{B). [The symbol #, 
in general, indicates that the quantity under con- 
sideration is a number.] 

Consider now those functions / : X — > R for 
which Ifl^dfj, is defined and is finite. Define 
the "distance" between two functions as d{f, g) = 

{/x 1-^ ~ 9\^dfx)^^^ . The resulting metric space is 
known as the L^-space associated to the measure 
space {X,A,ijl) and is denoted by Lp{X,A,h). A 
classical result, Riesz-Fisher Theorem, proves that 
i^-spaces are complete. 

BirkhofF s Ergodic Theorem : If / G L^(X, ^, ^u), 

then lim„^cc ^ X]"=o^ / exists /i-a.e. and in 

L\X,A,^l). 

Kin g man 's Ergodic Theorem : Let /i, /2, ...G 
L^(X, ^, /i) be such that sup„ J fndfJL > — oo and 
fn+m{x) < ,fn{x)+ .fm{T'^x) for cach n, m > 1 and 
/i-a.e. a; G X. Then, lim„^oo ^fn{x) exists /i-a.c. 
and is in L^{X,A,n). [Birkhoff's theorem treats 
the case fn{x) = Y.l:Zo h{T*x).] 

The next important issue for us is that of the iso- 
morphism of dynamical systems. Let (X, A, ii, T) 
and {X',A',ii',T') be two dynamical systems. 



Then, they are said to be isomorphic if there exists 
a map y : X — > X', an isomorphism, such that 

(i-1) the map (p is measurable, 

(i-2) for each A' G A', ^A') = ^i'{A'), 

(i-3) for /i-almost every a; G X, (f{Tx) = T'{ipx), 

(i-4) the map is invertible, ze, there exists a 
measurable and measure preserving map "0 '■ 
X' — > X such that ip{ipx) — x for /i-almost 
every a; G X and fiipx') = x' for /x'-almost 
every x' G X'. 

If only properties (i-1) to (i-3) hold, (p will be called 
a homomorphism and (X', A', jJ , T') is said to be 
a factor space of (X, A, T). 

Now, a measure preserving transformation T is 
said to be erg odic if whenever / : X ^ M is a 
measurable function such that f{Tx) = f{x) for /x- 
almost every x G X, then / is /^-almost everywhere 
equal to a constant. 

Note that when T is ergodic, A{x) = n{B) for 
/i-a.e. X G X in the basic ergodic theorem. 

It turns out that a system is ergodic if and only 
if the orbit of almost every ( a.e. ) point a; G X 
"visits" each set of positive measure, that is to say, 
if ii{A) > and i^{B) > then /i(T"An^) > 
for some n G Z. 

A recurrence property is that if fi(A) > then 
n{T'^Af]A) > for some n G Z. A property 
which implies the ergodicity of a system is that of 
strong mixing : lim„^cx) M (7""^ 0-8)= 
for all A,BgB. 

The question of characteristics that are identi- 
cal for two systems, the issue of ergodic invari- 
ants, leads us to the problem of an appropriate 
classification of sy stems . 

Let (X, B, IJ..T) be a system. Further, let / : 
X — > (0, oo) be a measurable fimction on X. Con- 
struct a one-parameter flow T ~ {{x,t) : < 
t < f{x)} under the graph of /. Essentially, each 
point a: G X flows such that we identify the points 
{x,f{x)) and (Tx, 0). This flow T preserves the 
product of fi with Lebesgue measure and is called 
as a flow built under the function /. 

Under suitable conditions, every flow on the sys- 
tem {X,B,n,T) can be represented as flow built 
under a function. 

The Glimm-Effros Theorem [32] states that: If 
X is a complete separable metric space and G a 
group of homeomorphisms of X onto itself such 
that for some non-isolated point x G X, the set Gx, 
the orbit of x under G, is dense in X, then there is 
a continuous probability measure fi on Borel sub- 
sets of X such that every G-invariant Borel set has 
measure zero or one. 
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A group G of homeomorphisms of a Polish space 
X admits a recurrent p oint x if there exists a se- 
quence {gn)^=i of elements in G such that g„a; 7^ 
a; V n and gnX ^ a; as n ^ 00. A recurrent point x 
is not isolated in the closure of Gx and its G-orbit 
is clearly dense in the closure of Gx. 

A Borel set W is said to be G- wandcring if the 
sets gW, g G G are pairwise disjoint. Wc write 
for the (T- ideal generated by G-wandering Borel 
sets, it consists of countable unions of G-wandering 
sets of X. 

Now, a group action is called free if, for each 
X & X , g 1-^ gx is 1-1. Then, in this case, we have 
the result that: If a group of homeomorphisms G 
of a Polish space X acts freel y and does not admit 
a recurrent point, then X e W^. 

Now, since a SBS is Borel-isomorphic to the 
Borel space of the unit interval X = [0, 1] equipped 
with the (T-algebra generated by its usual topology, 
we can restrict our discussion to it as and when it 
is convenient. 

Then, for any x € X, let the orbit of x un- 
der T be the set {T"a;|n e Z}. We call a point 
X G X a. p eriodic p oint of X if T"a; = x for some 
integer n and call the smallest such integer the 
p eriod of x under T . 

For A C X and a; € ^, we say that the point 
X is recurrent in A if T".x G A for infinitely many 
positive (fimp) n and for infinitely many negative 
(fimn) n and we call the point x a recurrent p oint . 
For a metric space {X, d) , a point x & X \s recur- 
rent if liminfn^oo d{x, T^x) = 0. 

Two Borel automorphisms, Ti on a Borel space 
{Xi,Bi) and T2 on a Borel space {X2, B2), are said 
to be isomor p hic if there exists a Borel isomor- 
phism (J): Xi^ X2 such that (/> Ti ^ = T2 . 

We also say that Borel automorphisms Ti and T2 
are weakly e quivalent or orbit equivalent if there 
exists a Borel automorphism (j) : Xi ^ X2 such 
that </)(orb(a;,Ti)) = orb ((^(x), T2), V x e Xi. 

If two Borel automorphisms arc isomorphic then 
they are also orbit-equivalent. However, the con- 
verse is, in general, not true. 

Now, we say that a Borel automorphism T is 
an elementary Borel automorphism or that the 
orbit space of T admits a Borel cross-section or 
that T admits a Borel cross-section iff there exists 
a measurable set B which intersects each orbit un- 
der T in exactly one point. 

Clearly, if n is the period of x under T, then 
the set {x,Tx,T^x, ...,T"^^x} consists of distinct 
points of X. Now, for every positive integer n, let 
En = {x\Tx ^ a;,...,T"-ia; ^ x.T^^x = .t}, and 
Eoo = {x I T'"x ^ X for all integers n}. Then, each 
En, n < 00, is Borel, Em f]En = if m n, and 
U^i En = X. Clearly, each is a T-invariant 
Borel subset of X. 



Now, if y e {a;,Ta;, ...,T" ^x}, then we clearly 
see that {x,Tx, ...,T"-ia;} = {2/,Ty, ...,T"-iy}. 
Moreover, due to the natural order on [0, 1], if y = 
min{x,Tx, ...,T"~^x}, then y < Ty, y < T^y, 
y < T"-'^y, y = T'"y. Then, we can define B„ = 
{y€En\y<Ty, y < T^-hj}. 

Then, for n < 00, i?„ is a measurable subset of 
En and it contains exactly one point of the orbit 
of each x e En- Note, however, that B^o need not 
be measurable. 

Now, X\E^ = UZiUlZo T^Bn. The set 
B = UfeLi -Sfc is Borel and has the property that 
the orbit of any point in X \ E^o intersects B in 
exactly one point. Let c„(T) denote the cardi- 
nality of Bn, n < 00. The sequence of integers 
{coo(T), ci(r), C2(T), ...} is called the cardinality 
se quence associated to T . 

If Ti and T2 are orbit equivalent, then their asso- 
ciated cardinality sequences are the same. Also, if 
Ti and T2 are elementary and the associated cardi- 
nality sequences are the same, then Ti and T2 are 
isomorphic and orbit equivalent. 

A measurable subset W C X is T- wandering or 
wandering under T if T^W, n G Z, are pairwise 
disjoint. Clearly, a wandering set intersects the 
orbit of any point in at most one point, it never 
intersects the orbit of a periodic point. 

The (j-ideal generated by all T-wandering sets 
in B will be denoted by and will be called a 
Shelah - Weiss ideal of T [38]. 

Note that if T is a homeomorphism of a sepa- 
rable metric space {X, d) and T has no recurrent 
points then = B, ie, there is a wandering set 
W such that X = U,T=-co T"W. 

A subset A C orb(x, T) is called bounded below 
( bounded above) if the set of integers n such that 
T"x <E A is bounded below (bounded above). A 
subset A C orb(a;,r) is called bounded iff it is 
both bounded above and below. A set which is 
not bounded is called unbounded. 

A sufficient condition for a set N ^ B to he a T- 
wandcring set, ie, a sufficient condition for TV G B 
to belong to W^, is that V x G X, iVnorb(a;,T) 
is either bounded above or below. 

One of the very basic results of the study of Borel 
automorphisms is: 

Poincare Recurrence Lemma : Let T be a Borel 
automorphism of a SBS {X, B). Then, given A ^ B 
3 TV G such that V a; G = ^ \ -^V the points 
T"x return to A fimp n and fimn n. 

Now, note also that if .x G A,, = A \ N then 
T''x returns to Ao fimp k and fimn k because N is 
T-invariant and x ^ N. 

Also, if A e B, and if = A \ is as in the 
Poincare Recurrence Lemma, then UfcL-00 -^'^^ ~ 
[JZoT'A (modW,). 
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Now, suppose that A/^ C S is a tr-ideal such that 
TM = T-^N' = M and C M. Clearly, given 
AeB,3N eN such that y xe Ao = A\N, T"a; 
returns to Aq fimp n and fimn n. 

Of particular interest to us is a finite or cr-finite 
measure m on B. The cr-ideal of m-nuU sets in B 
will be denoted b y Mm- 

A Borel automorphism T is dissi p ativc relative 
to m if there exists a T- wandering set W inB such 
that m is supported on IJ^.^^^ T^W. 

On the other hand, a Borel automorphism T is 
conservative with respect to m or m- conservative 
if m{W) = V T-wandering sets W € B. Clearly, 
for any m-conservative T, C ACn • 

Poincare Recurrence Lemma for m- conservative 
T: If T is m-conservative and if A e B is given, 
then for almost ever y f f.a.e. ) x G A the points T"a; 
return to A fimp n and fimn n. 

Further, if m is a probability measure on B, ie, 
m{X) = 1, and is T-invariant, ie, m o = m, 
then C AA„, TAC = T" W„ = AA„. 

Poincare Recurrence Lemma ( Measure Theory ) : 
If a Borel automorphism T on (X, i3) preserves a 
probability measure on B, and if A e B is given, 
then f.a.e. x G A the points T"a; return to A fimp 
n and fimn n. 

Poincare Recurrence Lemma ( Baire Category ): 
If T is a homeomorphism of a complete separable 
metric space X which has no T-wandering non- 
empty open set, then for every A C X with the 
property of Baire (in particular, for any Borel set 
A) there exists a set A'' of the first Baire category 
(which is Borel if A is Borel) such that for each 
X € A\N, the points T"'x return to ^ \ A" fimp n 
and fimn n. 

Now, a measure-preserving automorphism T 
on a Standard Probability Space {X,B,n) is a 
Bernoulli - Shift or B- shift if there exists a finite or 
a countably infinite partition V = {Pi, P2 ...} of 
X into measurable sets such that 

(a) Ur=-oc. T^'T generates Bx up to /i-nuU sets 

(b) the family {T^P \n G Z} is independent in 

the sense that for all k, for all distinct inte- 
gers ni, 712, rik, and for all Pi, P2, Pi^ 
€ P, the sets T"ip,,, P-^^P^^, T'^-Pi^ are 
independent, ie, /x (T^iPi^ Q ... fl Pi J = 
n^=i M {T^' Pij) which in view of the mea- 
sure preserving character of T is equal to 

^l{Pi,)...^l{Pi,). 

We call the partition V satisfying the above an 
independent g enerator of T . 

T is m - deterministic (otherwise, non determin- 
istic) if V n, Pn = Pn+i (mod m) in that, given 
A G Pn, 3 B G Pn+i such that m, (AAB) = 0. If 
T is deterministic, Pn = Pk (mod m), V n, k. 



A non-deterministic Borel automorphism T is a 
Kolmo g orov Shift or K- shift if flj^-oo consists 
of sets with probability zero or one. 

A B-shift is a K-shift and is of non-deterministic 
nature in the above sense. 

Now, a measure preserving Borel automorphism 
T on a probability space {X, B, m) is said to be 
ergodic if for every T-invariant A G B, m{A) = 
or m{X \A) = Q. Note that such a T is ergodic iff 
every real- valued measurable T-invariant function 
/ is constant a.e. 

Now, if T is measure-preserving, ergodic and for 
some singleton {x} G B, m {{x}) > 0, then x must 
be a periodic point of T. A non-trivial measure- 
preserving ergodic system is therefore the one for 
which m is non-atomic. 

The system {X,B,M ,T) is called a Descri p tive 
D ynamical System [32] [69] . 

Now, T is said to be descriptively ergodic or that 
T is said to act in a descriptively ergodic manner 
if TN = A/" and if TA = A, AgB implies either 
AgM or X\AgN. 

Nadkarni 's Theorem [32] states: if {X,B,N,T) 
is a descriptive dynamical system such that 

(a) every member oi B\M is decomposable 

(b) B satisfies the countability condition 

(c) T is descriptively ergodic 

(d) X is bounded, 

then there exists a finite measure fj, on B such that 

(1) AT = {BgB: h{B) = 0} 

(2) ^ is continuous 

(3) T is /i-measure preserving, and 

(4) T is ergodic, ie, TA = A, AgB implies that 

/i(A) = or ^i{X \A)=Q. 

As a corollary of this theorem, we also have: 
Let {X,B,M,T) be a descriptive dynamical sys- 
tem such that 

(a) every member of B \ A/" is decomposable, 

(b) B satisfies the countability condition 

(c) T is descriptively ergodic, 

(d) 3B gBXU which is bounded 

Then, there exists a unique continuous a-finite 
measure m on B such that its null sets in B form 
precisely the ideal N and T is ergodic and measure 
preserving with respect to m. 
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Furthermore, it can also be shown [32] that: for 
a SBS (X, i3) and T : X ^ X a Borel automor- 
phism, there exists a finite continuous measure m 
on B so that T is non-singular and ergodic iff 
there exists a a-ideal Af C B such that the sys- 
tem {X, B, TV, T) has the following properties 

(i) every member of B\J\f is decomposable 

(ii) B satisfies the countability condition 

(iii) T is descriptively ergodic 

(iv) 3 B G B\N' which is bounded 

Now, let C = 2^, the countable product of two 
point space 2 with product topology, with the two 
point space 2 being given the discrete topology and 
B its Borel tr-algebra. 

If wc drop from above X the countable set of 
those sequences of zeros and ones which have only 
finitely many zeros or finitely many ones, then the 
remaining set, say, Y, can be mapped one-one into 
[0, 1) by the map ^(xi, a;2, ...) = J2iLi The 
image of Y under this map is [0, 1) \ where D 
is the set of rational numbers of the form A;/2", 
< fc < 2", n e N. 

Now, if a; = {xi,X2,---) € Y and if k is 
the first integer such that Xk = 0, then let 
us define the map, say, V = ^~ ^T^ as Vx = 
(0, 0, 0, 1, Xfe+i, .T/j;+2, •••)• Then, V replaces all 
the ones up to the first zero by zeros and replaces 
the first zero by one, leaving all other coordinates 
of X unchanged. 

We call the map V on. Y the Diadic Addin g 
Machine (DAM) or the Odometer . 

Now, a measure preserving automorphism T on 
a probability space {X, B, m) is ergodic iS\/ A,B e 

^. i Efcio ^ (^n^^'^) ^ m (^n^) as n ^ 00. 
There are two properties stronger than ergodicity 
which are also relevant to us. 

A measure preserving automorphism T on a 
probability space (X, B^ m) is said to be weakly 
mixing A,B C B, ^Y2=l \m.{A^T^B) - 
m(^QB) I as n oo. A measuring pre- 
serving automorphism T on (X, i3, m) is said to be 
mixing if V^,B e m{A^T''B) m{A(}B) 
as n — » cxD. 

If a measure preserving Borel automorphism T is 
mixing then it is weakly mixing, and if T is weakly 

mixing then it is ergodic. However, a ergodic T 
need not be weakly mixing and mixing. Also, an 
ergodic and weakly mixing automorphism T need 
not be mixing. 

Let Ti be a measure preserving Borel automor- 
phisms on a probability space (Xi,i3i,mi) and 
T2 be that on (X2, i32: TO2)- We say that Ti and 
T2 are metrically isomorphic if 3 X{ C Xi with 



mi (Xi \ X[) = 0, X^ C X2 with m2 (X2 \ X^) = 
and an invertible, ie, a one-one, onto, measurable 
map with measurable inverse, measure preserving 
map : X{ ^ X^ such that (/)Ti0- =T2. 

A measure preserving automorphism T gives rise 
to a Unitary Op erator . U^, as,: C/,,/ = / o T, / e 
L'^{X,B,m). The unitary operator is linear, in- 
vertible with U~ ^ / = / o T~ ^ and L^-norm pre- 
serving, ie, ||f/.r/||2 = 

We say that A is an eig envalue of t/^ if 3 a non- 
zero / e L'^{X,B,m), such that f oT = A/. Then, 
/ is an eig enfunction with eigenvalue A. An eigen- 
value is simple, if up to a multiplicative constant, 
it admits only one eigenfunction. 

Let Ll{X,B,m) = {/ e L^{X,B,m) \ J fdm 
= 0}, the subspace of functions orthogonal to the 
constant functions. It is f/^ -invariant. 

Now, 1 is always an eigenvalue of C/^, and that 1 
is a simple eigenvalue of C/^ iff T is ergodic. Fur- 
ther, since is unitary, all eigenvalues of are 
of absolute value one. 

Then, weakly mixing automorphisms T are pre- 
cisely those for which has no eigenvalue other 
than 1. Also, T is ergodic iff 1 is not an eigenvalue 
oiU^ on Ll{X,B,m). 

If and U^, are unitarily equivalent, T and T' 
are sp ectrally isomorphic . If measure preserving T 
and T' are metrically isomorphic, then JT^, and U^, 
arc unitarily equivalent. 

A measure preserving automorphism T on a SPS 
(X, B, m) has discrete spectrum if C/^ admits a 
complete set of eigenfunctions. Then, if Ti and 
T2 are spectrally isomorphic and Ti has a discrete 
spectrum, then T2 also has a discrete spectrum and 
the corresponding unitary operators have the same 
set of eigenvalues. 

But, spectrally isomorphic measure preserving 
automorphisms are not necessarily metrically iso- 
morphic, in general. However, if the measure pre- 
serving automorphisms defined on a SPS arc er- 
godic with discrete spectrum and are admitting 
the same set of eigenvalues, then such spectrally 
isomorphic measure preserving automorphisms are 
metrically isomorphic. 

Note that in the case of a SPS, U.^. can have at 
most a countable number of eigenvalues, all of ab- 
solute value one. Furthermore, in the same case, 
the eigenvalues of [/^ form a subgroup of the cir- 
cle group 5^. Also, for each eigenvalue A we can 
choose an eigenfunction f\ of absolute value one 
so as to have f\.fv = f\v a.e. 

Any two B-shifts are spectrally isomorphic but, 
in general, any two B-shifts are not metrically iso- 
morphic. Any two K-shifts are spectrally isomor- 
phic but, in general, any two K-shifts are not met- 
rically isomorphic. 

For a finite partition V = {Pi, P2, P/j} of 
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X by members of B, we define the entrop y of 
■p to be ^ — m{Pi) logg m(Pi) and denote it by 
H{V). Then, wc can define the entro py of P 
relative to automorphism T defined as: h{T' , T) = 

Hm supi H (V^lo' T- 'v) , where V^Iq T- is 
used to denote the partition generated by T~ ^V, 
fc = 0, n — 1. Note that the lim sup is indeed 
an increasing limit. 

Then, we have the entropy of the automor p hism 
T, denoted as h{T), as: h{T) = sup h{V, T), where 
the supremum is taken over all finite partitions V 
of X. Note that h{T) is an invariant of the metric 
isomorphism. 

Then, if T is a B-shift with independent gener- 
ating partition V — {Pi, P2, ■■■} then its entropy 
is h{T) = J2 ~ 'm{Pi)ioggm{Pi). Now, any two 
B-shifts with the same entropy can be shown to be 
metrically isomorphic. 

For any set Ae B, the set ^''^ ^^lled 

as the saturation of A with respect to T or simply 
the T- saturation of A. Wc denote it by (A) . A 
point X G A is said to be a recurrent p oint in A if 
T"x returns to A fimp n and fimn n. 

By Poincarc Recurrence Lemma, wc can write A 
as a disjoint union of two measurable sets B and M 
such that every point of B is recurrent in B (hence 
also in A) and no point of M is recurrent so that 
M £ W^. Clearly, it follows that 0^=0 ^"-^ = 
Ur=-oo^"-S = St(-B), since every point of B is 
recurrent in B. 

Now, given x E B, let (x) denote the smallest 
positive integer such that T"x G B. Then, we can 
decompose B into pairwise disjoint sets Bk, fc G N, 
where Bk = {x G B \ ng{x) = k} or, cquivalently, 
Bk = {x e B \ Tx <^ B,...,T^-^x i B,T^x e B}. 
Further, we have T^Bk C B and that Bk, TBk, 
T''~^Bk are pairwise disjoint. 

Further, let Fe = {{Jk> e ^k) and note also 
that Fe = TFe-i \ B, where Fo = B. Now, we 
have UZ^ T'^B = [JZo Uto T'Bk = [JZo Fk = 
UfcL-oc T B = Sj.{B), with the middle two unions 
being pairwise disjoint unions. 

We call the set B as the base and the union 
Ufe^i T'^'^Bk as the top of the construction . The 
above construction is called as the Kakutani tower 
over base B_. 

Now, if m is any T-invariant probability mea- 
sure on B and if we write B^ = \X=qT''B, 
then we have m (B*) = YlkLi ThZq m (T^Bk) = 
EfcLi km{Bk) = Jj^ (x) dm. 

Let m{B) > 0. Then, we call the quantity 
T^I(B) Ib ng{x)dm = m{Bi,)/m{B) as the mean 
recurrence time of S. Recall A ~ B^j M, M G 
W^. Then, m{M) = m{M^) = 0. Hence, m(A) = 
m{B) and m{Ai,) = m{B^,). Thus, the above is 



also the mean recurrence time of A. 

Clearly, if T is ergodic and m{B) > then we 
have Bi, = X (mod m) since it is T-invariant and 
of positive measure. 

Now, consider the transformation S defined over 
Bi, as: 

r T{x) ifx ^Ur=i2^'"'Sfe = Top 
S{x) = { 

[ r-'=^+i(x) ifx &T''-^Bk,k = \,2,... 

Then, <S is periodic, the period being k for points 
in Bk, and <S agrees with T everywhere except at 
the top of the Kakutani tower. Further, if Bi, = X, 
then S is defined on all of X. 

Now, suppose Ci 3 C2 2 ^3 3 ... is a sequence 
of sets in B decreasing to an empty set and such 
that V n, we have 

(i) every point of C„ is recurrent, and that 

(ii) UZoT'C^ = X. 

Let Sn be the periodic automorphism as defined 
above with B = Cn- Then, V n, iS„ and Sn+i 
agree except on the Top T„+i of the Kakutani 
tower whose base is Cn+i- But T„ D Tn+i and 
since C„ decreases to 0, T„ also decreases to 0. 
Then, given any x, 3 ji(x) such that V fc > n{x), 
Sk{x) are all the same and equal to T{x). Thus, T 
is a limit in this sense of the sequence of periodic 
automorphisms. Therefore, wc obtain the p eriodic 
app roximation of automorphism T . 

Rohlin 's Lemma states that: If T is ergodic with 
respect to the cr-idcal of null sets of a finite measure 
TO, then given e > and n G N, 3 a set C such 
that C, TC. T"^^C are pairwise disjoint and 

m{x\[jl-'^T''c) < e. 

Now, let B € B be such that every point of 
B is recurrent. Following Kakutani, the induced 
automor p hism on B (mod ) , denoted as , 
is then defined as: Tg{x) = T"-{x), x € B, where 
n = Hg {x) is the smallest positive integer for which 
T"(x) G B. Note that Tg{x) = r''(a;) if a; G Bk, 

k = 1,2,3 Then, Tb is one-one, measurable 

and invertible with T~ ^ {x) = T" {x) where n is 
the largest negative integer such that T"(x) G B. 
Thus, Tg is a Borel automorphism on B. 

The induced Borel automorphism, Tg, on B has 
following properties: 

• ovh{x,Tg) = Bf\oj:h{x,T), x&B 

• Tg is elementary iff T restricted to s^B is 

elementary 

• W B IS -wandering if and only if W is 
T-wandering 
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• if T is ergodic and preserving a finite mea- 
sure m then is ergodic and preserves m 
restricted to B, 

• If A/" is a CT-ideal in B, C B, and if T 

is ergodic with respect to Af, then is er- 
godic with respect to the restriction of Af to 
B. In particular, if T is ergodic with respect 
to a finite continuous measure m then is 
ergodic with respect to the restriction of m 
to B 

• if C C B, then a point of C is recurrent with 

respect to T iff it is recurrent with respect to 
Tg . If every point of C is recurrent then we 
haveT^ = (7^)^. 

A broadened view of the induced automorphism 
defines it on a set A G B even if not every point 
of A is recurrent. For this, let us consider a set 
B = {x G A \ X is recurrent in A}. By Poincare 
Recurrence Lemma, A\B £ and every point of 
B is recurrent in B. Then, the broadened induced 
automorphism is defined on all of A iff every 
point of A is recurrent; otherwise is defined on 
A (mod W5,). All the earlier properties of the in- 
duced automorphism remain valid (mod W^) un- 
der this broadened definition of . Note however 
that the stricter point of view is necessary for the 
descriptive aspects. 

Now, consider a Borel automorphism T on 
{X, B) and let / be a non-negative integer- valued 
measurable function on X. 

Let Bk+i = {x I f{x) = k}, k = 0,1,2,.., 
Cfc = \Ji>kBe, Fk = CkX {k}, Y = {JZoFk- 
If Z = X X {0,1,2,...}, then Y C Z is the set 
Y = {{x,n) > n > f{x)} = Points in Z below 
and including the graph of /. 

Define A on V as: 

( {b,j + l) if6 e BfeandO < j < fc- 1 
Hk,j)={ 

[ (A(6),0) if6 e Bfcandj = fc- 1 

This A is a Borel automorphism on the space 
Y. We call it the automorphism built under the 
function / on the space X. We call X the base 
space of A and / the ceiling function of A. Note 
that if we identify X with X x {0}, then A^ = T 
and we write A = T^ . 

The automorphism built under a function has 
the following properties: 

• li B G B with every point of B being recur- 
rent and B^ = X, then T is isomorphic to 
{TbY , where f{x) = n^{x), 



• If A C y is the graph of a measurable func- 
tion ^ on X, then (T-')^ and T are isomor- 
phic by X {x,S^{x)). In particular, (T^)^ 
and T are isomorphic when A = graph of /, 

• If A C y is measurable then we can find 
a measurable B with the same saturation 

as A under T-^ and such that V x G X, 
-^n{(2^'*) I * ^ f{^)} is at most a sin- 
gleton. Indeed, B = {{x,i) G A\{x,j) ^ 
A, < j < i} can be chosen, 

• Given and T^, they arc isomorphic to 
automorphisms induced by +3 on suitable 
subsets. If Fi = {(x, i) I < I < f{x) + g{x)} 
on which T-^^^ is defined, then the sets 
{ix,i)\0 < i < f{x)} and {ix,i)\0 < i < 
g{x}} arc subsets of Yi on which T^^^ in- 
duces automorphisms which are isomorphic 
to and respectively, 

• If m is a cr-finite T-invariant measure on X, 

then 3 a unique a- finite -invariant mea- 
sure ttIy on Y such that restricted to X x 
{0} is m. The measure is finite iff m{X) 
is finite and / / dm is finite. Then, we have 
= Sfeli ^'^(■Sfe-t'i) = / fdm< 00. 

• is elementary iff T is elementary. 

Now, given two Borel automorphisms Ti and T2, 
we say that Ti is a derivative of T2, and write 
Ti ^ T2, if Ti is isomorphic to (Ti)^ for some 
A G B with T^A = X. If Ti is a derivative 
of T2, we call T2 the p rimitive of Ti. Two Borel 
automorphisms are said have a common derivative 
if they admit derivatives which are isomorphic. 
Similarly, two automorphisms are said to have a 
common p rimitive if they admit primitives which 
are isomorphic. If Ti ~< T2, then clearly T2 = t/ 
for some /. 

Then, a lemma due to von Neumann states that: 
Two Borel automorphisms have a common deriva- 
tive iff they have a common primitive. 

Now, we say that two Borel automorphisms Ti 
and T2 are Kakutani e quivalent , and we write 
Ti'^T2, if Ti and T2 have a common primitive, or, 

equivalently the automorphisms Ti and T2 have a 
common primitive. The Kakutani equivalence is 
reflexive, symmetric and transitive. Therefore, the 
Kakutani equivalence is an equivalence relation for 
Borel automorphisms. 

Suppose A/" is a cr-idcal in B. Then, we say 
that Ti and T2 are Kakutani e quivalent (mod TV) 
if we can find two sets M,N G Af, M being 
Ti-invariant and N being T2-invariant, such that 
^i|x\M ~r2|x\w When TV is the cr-ideal of w-null 
sets of a probability measure m invariant under Ti 
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and T2 both, we get the measure theoretic Kaku- 
tani equivalence of Borel automorphisms [41]. 

Given a Borcl automorphism T, a system of pair- 
wise disjoint sets (Co, Ci, C„) € is called a 
column if Ci = T'^Cq, < i < n. Co is called the 
base of the column and C„ is called the top of the 
column , li Do C Co, then {Do,TDo, ...,T''Do) is 
called a sub - column of (Co, C„). 

Two columns (Co,...,C„) and {Bo, ...,B^) are 
said to be disjoint if Cif\Bj =il}\/ i ^ j. A finite 
or a countable system of pairwise disjoint columns 
is called a T-tower. 

A T-tower with r pairwise distinct columns may 
be written as {Cij | < i < n{j), 1 < j < r} 
where {Coj, C„(j)j} is its j-th column. 

Sets Cij are constituents of the T- tower , (Jj. Cok 
is a base of the T-tower and (Jj, Cn(k)k is a top of 
the T-towor. The number of distinct columns in a 
T-towcr is a rank of the T- tower. 

A T-tower is said to refine a S'-tower if every 
constituent of T-tower is a subset of a constituent 
of the S'-tower. 

T has rank at most r if there is a sequence 
T„, n e N, of T„-towers of rank r or less such 
that T„+i refines T„ and the collection of sets in 
T„, taken over all n, generates B. Then, T has 
rank r if T has rank at most r but does not have 
rank at most r — 1 . If T docs not have rank r for 
any finite r, then T has infinite rank. 

Given a Borcl automorphism T on (X,B), a 
partition V oi X, V C is a g enerator of 
T if \X^iT'"P generates B. A set A & B is 
decomposable (mod W^) if we can write A as a 
disjoint union of two Borcl sets C and D such that 
s^(C) =s^{D) =s^{A (mod W^)). 

Let V = {Pi,/2, ■■■,Pn} (= S be a partition of X 
and let a measurable C be such that [Jfelo T''C = 
X. Then, on the basis of the first return time n{x) 
of each .t G C and pairwise disjoint sets E'j = {x G 
C I n{x) = i} with union (J.^ Ei = C, there exists a 
countable partition of {-Di, •••} of C such that 
each Pi is a disjoint union of sets of the form T^Di, 
fc=l,2,...,i = l,2,.... 

Now, a one-one and onto map T : X ^ X such 
that T'^x / X for all k ^ 0, and for all x G X is 
called a free map . 

Every free Borcl automorphism T on a SBS 
{X,B) is [42] orbit equivalent to an induced au- 
tomorphism by the DAM. 

Further, every Borel set ^4 G is clearly decom- 
posable (mod Wy) for T being a free Borel auto- 
morphism on a countably generated and countably 
separated SBS. 

Furthermore, given a free Borel automorphism T 
on a countably generated and countably separated 
SBS {X,B), there exists a sequence C„, n e N, 
of Borel sets decreasing to an empty set with 



s^{Cn) =s^{X \Cn) = X \f n, such that V n the 
sets C„, TC„, T"-~^Cn are pairwise disjoint, 
and such that iH^i Cn = Coo, say, is T- wandering. 

Given a Borel automorphism T on a countably 
generated and countably separated SBS {X,B), 
there exists a sequence T„. n = 1,2,... of peri- 
odic Borel automorphisms on X such that V x, 
Tx = TnX for all sufficiently large n. 

Hence, the descriptive version of Rohlin's the- 
orem [43] on generators is obtained [40] as: every 
free Borel automorphism on a countably generated 
and countably separated SBS admits a countable 
generator in a strict sense. 

Note also that T admits a countable generator iff 
T admits at most a countable number of periodic 
points [44]. 

Now, two subsets of X, A,B G B, arc said to 
be e quivalent by countable decomposition , and we 
write A ~ S, if 

(a) A = U»=i^i. ^iCl^j = for i 7^ j, and 

AieB,i = 1,2,... 

(b) B = \JZiBi, Bif]Bj = for M j, and 
BieB,i = 1,2,... 

(c) there exist ni, n2, ... G N such that Vie 

N, T"-^i = Bi (mod A/"). 

The equivalence by countable decomposition is an 
equivalence relation on B. 

Note that if Ai £ B, i are pairwise disjoint 
and Bi a B, i G N are pairwise disjoint and if 
V z G N, A, ^ then U^^^i A, ^ u£i Bi. 

If A ~ B, then we say that B is a copy of A 
and then, A and B have the same measure with 
respect to a T-invariant a-finite measure. 

Further, we say that A and B are e quivalent by 
countable decom p osition (mod m) , and we write 
A ^ B (mod to), if there exist sets M and N in B, 
of m-mcasure zero, such that A/\M ~ BAN. 

A set A G ;B is said to be T- compressible in 
the sense of Hopf if there exists B C A such that 
A - B and m{A \ B) > 0. Clearly, if the set X 
is Hopf T-compressible then every of its subsets 
B e S is Hopf T-compressible. 

If /i is a T-invariant finite measure on B and hav- 
ing the same null sets as m, then A B (mod to) 
implies that n{A) = n{B). Whenever such a ex- 
ists, no measurable sets of positive measure can be 
compressible in the sense of Hopf and, in particu- 
lar, X is not Hopf T-compressible. 

In a descriptive setting, one can dispense with 
the measure and consider only a SBS {X, B) and a 
free Borel automorphism T on it. 

Then, given A,B €:B, we write A^-< B ii there 
exists a measurable subset C C B such that A^ C 
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and s^{B \C) = s^B, which is the smallest T- 
invariant set containing B. 

Now, wc say that A is T-comprcssiblc if ^ ^ 
or, equivalently, if we can write A as a disjoint 
union of two sets C, D & B such that A C, 
and s^{A) = s^{C) = s^{D). The sets C and D 
together with the automorphism T which accom- 
plishes A C is called a com p ression of A. 

If X is T-compressible, then we say that T is 
com p ressible or that T compresses X. 

The above notion of compressibility has the fol- 
lowing properties: 

• If A G S is T-compressible then any superset 
of ^ in B having the same saturation as A 

is compressible. In particular, Sj-{A) is T- 
comprcssible whenever A is T-comprcssible, 

• Since T is a free automorphism, each orbit is 
infinite and T-compressible as also the sat- 
uration of any T-wandering set. However, 
every T-compressible T-invariant set in B is 
not the saturation of a T-wandering set in B 
except in special cases, 

• A finite non-empty set is not T-comprcssiblc 
nor is a set A T-comprcssiblc if the orbit of 
some point intersects A in a finite non-empty 
set. Further, if there exists a T-invariant 
probability measure on B, then no set of pos- 
itive measure is T-comprcssible. In particu- 
lar, X is not T-compressible in this case, 

• Clearly, a subset of a T-compressible set need 
not be T-compressible, 

• If £^ G B is T-invariant, T-compressible, 

and if T S B is a T-invariant subset of 
E, then F is T-compressible. The count- 
able pairwise disjoint union of T-invariant, 
T-compressible sets in B is T-compressible. 
Clearly, any countable union of T-invariant, 
T-compressible sets in B is T-compressible, 

• T-compressible sets in B do not form a cr- 
ideal in B. 

However, T-invariant, T-compressible sets in 
B are closed under countable union and tak- 
ing of T-invariant subsets in B. Hence, the 
collection H of subsets in B whose satura- 
tions arc T-comprcssible forms a cr-ideal in 
B and we call H the Hop f ideal . 

• = W iff X e W^. 

Note that the Hopf ideal is also equal to the cr- 
ideal generated by T-compressible sets in B. Note 
that C Ti since the saturation of every T- 
wandering set in is T-compressible. 

Let C B be a cr-ideal such that 



(1) TAA = T- W = A/" and 

(2) C M. 

The Hopf ideal Ti: the cr-idcal of m-nuU sets in B 
for any T-invariant cr-finite measure on B; and the 
cr-ideal of m-mull sets when T is m-conservative 
are few such ideals. 

Then, two sets A, B G B are said to be equiva- 
lent by countable decomposition (mod J\f) if we can 
find sets M, N e Af such that AAM ~ BAN. 
We then write A ^ B (mod N). Note that if 
A ^ B (mod TV) then s^{A) = s^{B) (mod TV). 
We write A B (mod M) if there exists a set 
N such that AAN -<-< BAN. 

A set A is compressible (mod TV) if 3 TV G TV 
such that AAN is T-compressible. For a T- 
invariant set in B all the three notions of com- 
pressibility, namely, T-compressibility, compress- 
ibility (mod yV^) and compressibihty (mod H), 
are equivalent. 

Now, suppose that A,B € B are equivalent by 
countable decomposition. Let A = IJi^i^i' ^ — 
Ut:i pairwise disjoint partitions of A and B 

respectively, such that for suitable integers Ui, i G 
N, T^'Ai = Bi. 

The map S : A ^ B defined by S{x) = T"m: 
if X & Ai is an orbit p reservin g isomor p hism be- 
tween A and B. In case A and B arc equivalent 
by countable decomposition (mod TV) then S will 
be defined between AAN and BAM for suitable 
sets M,n £ Af. Such a 5 is an orbit preserving 
isomorphism between A and B (mod TV). 

The following results are then easily obtainable 
for A, B,C,D€ B: 

(a) If D B D C and A ~ C then A^ B 

(h) li A^ C CB and B ~ D C A then A^ B, 

{c)l{ADBDC (mod TV) and A ~ C (mod TV), 
then Ar^ B (mod TV), 

(d) If ^ - C (mod TV), C C B (mod TV), and 
B ~ D (mod Af), D C A (mod TV), then 
Ar^ B (mod A/"). 

Note that for (c) and (d) we remove suitable sets 
in TV from A, B, C, D. 

Now, a set A G B is incompressible if it is not 
compressible and it is incompressible (mod TV) if 
it is not compressible (mod TV). Note however 
that A G B is incompressible (mod TV) does not 
mean that AAN is incompressible for a suitable 
set N G TV. Note also that for a set in B to be 
incompressible (mod TV) it is sufficient that its sat- 
uration is incompressible (mod TV). 

Let N he a, positive integer. Then, it is easy to 
see that there exists B G B such that s^{B) = X 
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and V X € B, its first return time, ng{x), is such 
that N <n^ (x) < 2N. 

For any F € B and x G X, let us now de- 
fine {x,F) = liniinf„^oo ^ J2l=i IpiT'^x) and 
r*(x,F) = hmsup„^^ ij]^^! iF(r'^x) where 
li? is the identity function on set F. 

Then, we note that given < 6 < 1 and e > 
0, there exists F & B such that s^{F) = X and 
6 - e < r*(x, F), r*{x, F) <b + e. 

Wo also note that, if < 6 < 1, then there exists 
F e B such that (F) = s^{X - F) and for all 
xeX,0< r*{x,F) < b. 

Further, for any F G B and e > 0, there exists a 
measurable G C F such that (G) = s^{F — G) = 
s^{F) and r*{x,G) < e (mod W^). 

Now, a key dichotomy: Let E,F € B and let 
/ = — 1^. Then, there exists a T-invariant set 
N e such that if x e X \ TV, then either 

(a) for all y e orb(x,T), there exists n > with 

E'LofiT'y) > 0, Or 

(b) the set of y G orb(a;, T) such that V n > 0, 

ELo fi'^'^y) < is unbounded to the left 
and right. 

These are mutually exclusive conditions. 

Furthermore, consider any decomposition of X 
into pairwisc disjoint T-invariant sets Xo, Xi X2, 
N with N & M and Xg, Xi X2 satisfying the prop- 
erties 

(c) Ef]Xi <^Ff]Xi, 

(d) EClXo ^ FClXo, 

(e) Ef]X2 ^^Fr\X2. 

Such a decomposition will have the properties 

that 

• for a; G Xi (mod H) the set, say, A{x) = 
{y e orb(ar,T) | ELo/C^^"^) > V n > 
0} is unbounded to left and right, 

• for any x E Xg (mod H), for all y S 
orb(a;, T) 3 n > such that Y^l^^ f{T''y) = 
0, 

• for a; e X2(mod H), the set, say, B{x) = 
{y G orb(.T,r) I ELo/(^"y) < Vn > 
0} is unbounded to left and right. 

Moreover, (mod H), we have that 

{x I r^{x,E) < r^{x,F)} C X2, 

{x I r''{x,E) < r*{x,F)} C X2, 

{x I r,ix,E) > r4x,F)} C Xi, 

{x I r*{x,E) > r*{x,F)} C Xi 



Then, we have the following measure free ver- 
sion of the Birkhoff point-wise Ergodic Theorem 

as: For any E E B, the set of points x for which 
limit lim„^oo ^ Efc=o ^siT'^x) does not exist be- 
longs to the Hopf ideal H. That is to say, the set 
{x I ri,{x,E) < r*{x,E)} is compressible. 

For any E E B, let us now write m{E, x) = 
lim i lg(T*x). This m is countably addi- 

tive (mod 7i) and T-invariant. Moreover, we can 
show that m{E, x) = (mod H) iS E € H. 

Now, let the Polish topology T on X possess 
a countable clopen base U that is closed imder 
complements, finite unions and applications of T. 
There then exists a T-invariant set N € Tl such 
that V X G X \ N, m{A[jB,x) = m{A,x) + 
m{B, x) whenever A,B eU and Af]B = <I). 

Fix X G X\N and let us write ■m{A,x) = m(A), 
A e U. For any B C X, let us define m*{B) = 
inf {E.=i MU^) I B C U~ 1 f/i , f/i e W V i}. This 
m*, an outer measure on ^{X), is T-invariant, 
bounded by one and m*{X) = 1. 

Recall [34] that an outer measure /z* on the 
power set of a metric space {X, d) is called a met- 
ric outer measure if ^*{E\JF) = ijl*{E) + /u*(T) 
whenever d{E, F) > 0. If /x* is a metric outer mea- 
sure on (X, d) then all open sets, hence, all Borel 
sets, are /U*-measurable. Then, m* defined above 
is a metric outer measure on X. The restriction of 
m* to B is a countably additive T-invariant prob- 
ability measure on B. 

Further, if T is not free, then it has a peri- 
odic point on whose orbit we can always put a 
T-invariant probability measure. 

Hopf's Theorem : if T is a Borel automorphism 
(free or not) of a Standard Borel Space {S, B) such 
that X is T-incompressible, then there exists a T- 
invariant probability measure on B. 

Now, a set A G S is weakly T-wandering if T"A 
are pairwise disjoint for n in some infinite subset of 
integers. Then, a non-singular automorphism T on 
a probability space {X, B, m) admits [46] an equiv- 
alent T-invariant probability measure if and only 
if there docs not exist any weakly T-wandering set 
of positive measure. 

But, T-compressibility of X does not imply the 
existence of a weakly T-wandering set W E B such 
that s^{W) = X [47]. If a measurable A E B is 
T-compressible then s^{A) -<~< A and s^ ~ A. 

Let Ti and T2 be Borel aiitomorphisms on a 
Standard Borel Space. Then, if Ti and T2 are or- 
bit equivalent and if Ti has an orbit of length n 
then so has T2 . The cardinality of the set of orbits 
of length n for Ti and T2 is the same. Further, 
if Cfc(Ti) is the cardinality of the set of orbits of 
length k, then for each k < Hq, Cfc(Ti) = Cfe(T2) 
whenever Ti and T2 are orbit equivalent. 
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Dye's theorem [48] proves that: any two free 
ergodic measure preserving Borel automorphisms 
on a Standard Probability Space (X, B, m) arc 
orbit-equivalent (mod m). Furthermore, we also 
note that if Ti and T2 are Borel automorphisms 
both compressible and not admitting Borel cross- 
sections, then Ti and T2 can be shown to be orbit- 
equivalent [49]. 

Let M{X) = M{X,B,m) be the group of all 
measure preserving automorphisms on the space 
{X, B, m). Two automorphisms in M are identified 
if they agree a.e. 

For a T e M, let [T] denote the full g roup of 
T, ie, the collection of all r G M such that f.a.e. 
X & X, t{x) = T"(a;) for some integer n = n{x). 
Note that r G [T] iff orb(a;, r) C orb(a;, T) f.a.e 
X E X, or cquivalently, there exists a decom- 
position oi X = lj„g^ An (mod m) such that 
X = Unez^"^" (mod m), T'M„ being pairwise 
disjoint, and t{x) = T"(x) for x G An, n G Z. 

Let AG B and t G [T]. We shall write r G [r]+ 
on A in case t{x) = T"(a;), where n = n{x) > 
a.e. on A. 

An automorphism T is called set p eriodic with 

p eriod fc, for some positive integer k, if there exists 
a partition V = {Di, D2, Dk} of X associated 
with T such that A = ^''"^-Di, for 1 < i < fc with 
each Di G B. 

If every x is T-periodic with period fc, then it is 
clear that T is set periodic with period k. However, 
it should also be noted that T can be set periodic 
without having any periodic points. 

An automorphism T G M{X) is called as a weak 
von Neumann automor p hism if 

(1) T is set periodic with period 2" for all n G N, 

(2) A sequence {Vn{T) = {D^, ...,D^„)}, n G N, 

exists of partitions of X associated with T 
satisfying 

(a) = D^+'\JD^+^i, for i = 1,2, 2", 

n G N 

(b) = T^-^Dl, for i = 1,2, 2", with 
n G N. 

For X G D", we shall call the finite sequence 
{x,Tx, ...,T^ a fiber of length 2". Two points 
u,v € X arc said to be in the same fiber of length 
2" if for some x G D^, u = T'^x, v = T^x, where 
< fc, ^ < 2" - 1. 

If, in addition to the above (1) and (2), we have 

(3) the (T-field generated by IJ^i T^niT) is equal 

to B (mod m), 

T is called as a von Neumann automor p hism . 

This above condition (3) means that there ex- 
ists a T-invariant set N G B which is m-null 



and such that the collection {Df\{X — n) | -D G 
U^i T^n{T)} generates the tr-algebra B restricted 
to X — N, equivalcntly, the sets taken over all 
n and all k separate the points of X — N. 

For a weak von Neumann automorphism T, let 
Vn{T) denote the algebra generated by T>n{T). 
Then, VniT) C Pn+i{T) and the union V{T) = 
iJ^=i 'Pn{T) is again an algebra. For A G B, write 
d{A) = inf{m(^AB) | B G V{T)}. If d{A) = for 
every ^ in a countable collection which generates 
B then T is a von Neumann automorphism. 

A DAM or Odometer V on {0, 1}'*' is a von Neu- 
mann automorphism. Furthermore, any two von 
Neumann automorphisms are isomorphic modulo 
m-null sets. 

Now, for ergodic T G M{X) and V A,B G B 
with < m{A) = m{B), there exists a J G [T] 
such that JB = A and J G [T]+ on B. Therefore, 
if m{A) = m{B), then and are orbit equiv- 
alent. Indeed, J when viewed as an isomorphism 
from Ato B establishes orbit equivalence (mod m) 
between and . 

Moreover, let T G M{X) he ergodic and let e > 
be such that e < m{X). Then, there exists A G B 
such that Af]T A = $ and m{X - A\JTA) = e. 
Also, there exists a weak von Neumann automor- 
phism LO G [T] such that [uj] = [T] . 

Further, if n G [T] is a set periodic auto- 
morphism with period 2 such that 'D{ti) = 
{Di, D2K) is a partition of X associated with 
Ti, then, for any e > and any set A G B, there 
exists a weak von Neumann automorphism n G [T] 
and an integer L > that satisfy 

(a) [n] = [T2] 

(b) 'D{ti) C Vn{T2) for all n > L, where 
{D„(t2) I n G N} are the partitions of X 
associated with T2 

(c) {x I T2{x) 7^ n{x)} c D2K G V{n) 

(d) for n > L, we have m{A — A'^) < e, m{A" — 

A) < e, where A',^ = [J D where union is over 
V'^ = {D G P„(r2) I D C A} and < = 
IJ D where the union is over = {D G 
Vn{T2)\m{Af]D)>0}. 

Under the same hypotheses as above, if we have 
in addition that ri G [T]+ on X \ D2K for D2K G 
X>(ri), then the weak von Neumann automorphism 
T2 G [T] and the positive integer L > chosen 
above also satisfy 

(e) T2 G [T]+ on X \ D^^ for D^^ G Vl{t2). 

Furthermore, there exists an integer P > L, and 
C G B with m(C) < e so that the following holds: 
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(f) C{x,Tx) does not intersect D^p e for all 
X G X \C, where for y G orb(x,T2) with 
r^'-^-'x ~ y and C{x,y) = (x,T2X, ...,T2X = 
y), if n — n{x) > and also if C{x,y) = 
{x, T2 ^x, T2X = y), if n = n{x) < 0. 

In other words, x and Tx belong to the same T2- 
fiber of length 2^ for any x & X\C. 

Then, given a free ergodic measure preserving 
automorphism T on a SPS (X, B, m), there exist 
two von Neumann automorphisms ri and T2 in [T] 
such that (i) n € [r]+ on X and (ii) [n] = [T2]. 

Note that when two Borel automorphisms on 
{X. B) arc free and uniquely ergodic, then the or- 
bit equivalence holds without discarding any set of 
measure zero. Moreover, any two free Borel auto- 
morphisms on (X,B), each admitting n invariant 
ergodic probability measures, are orbit equivalent 
whether we have n as finite or countable or un- 
countable [42]. 

Now, we note that Krieger [50] introduces an in- 
variant called the ratio set, r{T), of automorphism, 
T as a closed subset of [0, 00) and r{T) p|(0, 00) is 
a closed multiplicative subgroup of (0, 00). Then, 
if r{T) = r{T) = [0, 00) or if r{T) = r(r) = 
{0} |J{a'' \k eZ} for some a, < a < 1, then T 
and T are orbit equivalent (mod m). 

Extending these concepts to more general group 
actions is possible. Then, let G be Polish group 
of Borel automorphisms acting in a jointly mea- 
surable manner on a SBS {X,B). Then, if X is 
incompressible with respect to the G-action then 
there exists a probability measure on B invariant 
under the G-action [32]. 

However, note that further generalizations than 
above are limited by counter examples. 

For example, let G now denote the group of 
all Borel automorphisms of an uncountable Polish 
space with the property that the set {x \ gx ^ x} 
is of the first Baire category. Then, X is not com- 
pressible. 

The cr-ideal generated by G-compressible 
sets in B is the cr-ideal of meagre Borel subsets 
of X. Hence, X ^ Ji^. However, every probability 
measure on B is supported on a meagre set. There- 
fore, a G-invariant probability measure on B does 
not exist. 

A flow on a SBS (X, B^ is said to be non - singular 
with respect to a (j-finite measure on S if /i(^) = 

impfies that M(Tt(^)) = for all A e S and 
t G R. In case, [i{Tt{A)) = \x{A) for alH S R and 
A G B, then we say that the flow p reserves fj,. 

Let (T be a Borel automorphism on a SBS 
{Y,C) and let / be a positive Borel function on 
Y such that V y e F, the sums '^'^^q f{o'''y), 
Efco/(^"''y) are infinite. Let X = {{y,t) \ < 
t<f(y)}. Then, X is the subset of F x M strictly 



under the graph of /. Give YxM. the product Borel 
structure and restrict it to X. We then obtain a 
new Borel space (X, B) . 

A jointly measurable fiow Tj, i G R, on X can be 
defined as follows: a point {y, u) € X moves verti- 
cally up with "unit speed" until it reaches the point 
{y,f{y)) when it goes over to (cr(y),0) and starts 
moving up again with unit speed. The term unit 
speed means that the linear distance travelled in 
unphysical time t equals t. The point thus reached 
at unphysical time t > is defined to be Tt{y,u). 
For t < 0, T(y, u) is defined to be the point (y', u') 
such that T-^t{y',u') — {y,u). The point (y, 0) is 
called the base p oint of (y, u). 

Analytically, the above is expressible as follows: 
Let X = {y,u) G X, and let t > 0. Then, Tt{x) = 

Tt{y, u) = (<7"j/, t + u- Efcio fi^^y)) where n 

is the unique integer such that Y^^=o fi'^^v) — 
t + u < ^2=0 fi'^'^y)- If i < 0, the expression 
is Tt{x) = {a- "y, t + u + ELi /(^" '^2/)) ^l^ere 
n is the unique integer such that < t + u + 
Y2k=i fi'^^^y) < fi^^^y)- it is understood that 
^k=o and X)fe=o are equal to zero. It is easy to 
verify that Tj, t G M is indeed a flow on X. 

The flow Tt, t <= M. a.s defined above is called 
the flow (or special flow) built under the function 
f with base automorphism T and base space {Y,C). 
Note that a flow built under a function is a continu- 
ous version of automorphism built under a positive 
integer- valued function. We thus use the notation 
of for the continuous case also. 

Let the base space Y be Polish, the base auto- 
morphism (T a homeomorphism of Y and / con- 
tinuous on Y. Let us give F x R the product 
topology, where R has the usual topology. Let 
X = {{y,t) \ < t < f{y)} be the closure 
of X C y X R. Now, deflne g : X ^ X hy 
g{y, t) = iy,t) ifO <t < f{y) and g(y, t) = {ay, o) 
at = fit). The map g identifles the point (/, /(y)) 
with (cry, 0). Let T be the largest topology on X 
that makes g continuous. Under this topology, the 
flow (7^ is a jointly continuous flow of homeomor- 
phisms on X. The topology T can be shown to be 
a Polish Topology. 

Then, a jointly measurable flow is also jointly 
continuous with respect to a suitable complete sep- 
arable metric topology, the Polish topology, on X 
which also generates the cr-algebra B. 

Let Tt, i G R be a jointly measurable flow (with- 
out flxcd points) on a SBS (X, B) . Suppose we are 
able to choose on each orbit of Tt a non-empty dis- 
crete set of points with all these points taken over 
all orbits forming a Borel set in B. Then, we sup- 
pose that there exists a Borel set F C X such that 
V a; G X, the set {t : Tt{x) G F} is a non-empty 
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and discrete subset of M. Such a subset is called a 
countable cross-section of the flow . 

Given a countable cross-section Y, wo can write 
X as the union of three Borel sets /, J, K as: 
I = {x e X \ {t \ Tt{x) e Y} is bounded below}, 
J = {x e X \ {t\ Tt{x) G Y] is bounded above}, 
K = X - I[}J. Let i{x) = inf{t | Ttix) € Y} 
and j{x) = sup{t | Tt{x) e F}. Then i and j are 
measurable functions, so that I and J, hence, also 
are measurable sets. 

Let us write S{x) = Ti(^^{x), x G I. Then, 
S{TiXx)) = S{x) yteR since i{T,{x)) = i(x) - t. 
The function S : I ^ I is again measurable, and 
constant on orbits. Thus, if we restrict the flow 
to / then the orbit space admits a Borel cross- 
section, the image of I under S being the required 
Borel cross-section. Similarly for J. Therefore, in 
the set I[jJ, the flow is isomorphic to a flow built 
under a function. 

Then, there exists a Borel set y C X such that 
y X G X the set {t \ Ttx € Y} is non-empty, 
countable, and discrete in M, the flow is isomorphic 
to a flow built under a function. 

Thus, we note that every jointly measurable flow 
(without fixed points) on a SBS admits a countable 
cross-section. 

Further, for a jointly measurable T(, it can be 
shown [39] that there exists a set S e B such that 
y X e X the sets G R | T/X E B} and {t G 
R \ TfX ^ B} have positive Lebesguc measure. 

Then, it can further be shown [39] that every 
jointly measurable flow Tt, i G M (without fixed 
points) on a SBS {X, B) admits a measurable sub- 
set F C X such that V a; G X the set {t \ TtX G Y} 
is non-empty and discrete in R. Therefore, we see 
that every jointly measurable flow (without fixed 
points) on a SBS is isomorphic to a flow built under 
a function. 

For general flnite measure preserving flows, this 
result was proved in [51] while the refinement and 
adaptation of that method to a descriptive setting 
can be found in [39]. 

As a corollary, every jointly measurable flow 
without fixed points on a SBS {X, B) is a flow of 
homeomorphisms under a suitable Polish topology 
on X which generates B. 

Furthermore, for a jointly measurable fiow Tt t G 
M (without fixed points) on a SBS {X, B) and given 
< a < 1, there exists B e B such that V .t G X 
the orbit of x spends the proportion a of time in B, 
that is, V a; G X, Lebesgue measure {t \ TfX G 
B,0<t<N}^aasN^oo. 

Note also that, under suitable modifications of 
the definition of fiow built under a function, these 
results hold for jointly measurable fiows with fixed 
points as well. 



Now, consider the notion of a flow built un- 
der a function in a measure theoretic setting. Let 

(y, By) be a SBS equipped with a Borel automor- 
phism T : Y ^ Y and a a-finite measure n quasi- 
invariant for r. 

[A measure n on S is called quasi - invariant for r 
if n(B) = iff n{TB) — and is called conservative 
for T if n{W) = for every r-wandering set W ] 

Let / be a positive Borel function on Y such that 
V y, the sums Y.V=o fi^'^y) and /(r" ^y) are 

infinite. Let T^, t G R. be the flow built under 
/ with base space {Y, y) and base automorphism 
r. It acts on Y^ = {{y,t) \ 0<t< f{y), y G Y}. 

Let £ denote the Lebesgue measure on R and 
let the measure n on F x R be restricted to Borel 
subsets of Y^ . Let us denote this measure on Yf 
by TO = rn-f. 

The flow Tt, < G R, when considered together 
with the measure m is called the flow built under f 
in a measure theoretic sense . We call the measure 
n the base measure . 

Now, [52], for any t G M, 

where mt and Uk are the measures m{Tt{.)) and 
n(cr'^(.)) respectively and denotes the LRN 
derivative of a quasi- invariant measure [34]. 

Rccafl that the flow Tj, t G R, is the flow a-f . 
Then, as a corollary, we also see that m is quasi- 
invariant under the flow iff n, the base measure, 
is quasi-invariant under a. m is invariant under 
iff n is invariant under a. 

Consider now a jointly measurable flow n, t G 
R, on a SBS {X,B) equipped with a probability 
measure to quasi-invariant under the flow. Let us 
also assume, for simplicity, that the flow Tj, t G R, 
is free. Then, the map t — > TtX is one-one from R 
onto the orbit {rtx \ t G R}. Thus, a Lebesgue 
measure is definable on the orbit simply by trans- 
ferring the Lebesgue measure of R to it. Let us 
denote by £x this Lebesgue measure on the orbit 
of X under the flow. 

Then, m{A) = iff €({< | nx G A}) = i^{A) = 
for TO-almost every x. [A property which holds for 
all a; G X except for those x in some TO-null set is 
said to hold TO-almost everywhere.] 

Let Tt, t G R, on {X.B,m) and T,, f G R, on 
{X' ,B' ,m') be two non-singular flows. We shall 
say that the two flows are metrically isomorphic if 
there exist 

(i) Tt-invariant to-uuU set M G B and T^-invariant 

to'-uuU set M' & B', 

(ii) a Borel automorphism (j) oi X — M onto X' — 

M' 
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such that V t e M, and x' G X' - M' we have 

(a) <j)OTtO(j)-^{x')=Ttx', 

(b) m{(j)-^{A')) = <^ m'{A') = 0, V A' G B' , 

(c) in case the flows arc measure preserving we 

require m o 0~ ^ = m' in place of above (b). 

Then, as shown in [53], every non-singular free 
flow Tt, f G M, on a SPS {X,B,m) is isomorphic 
to a flow built under a function in the measure 
theoretic sense. The function which implements 
the isomorphism preserves null sets. 

On the other hand, the basic theorem of Am- 
brose [51] states that: every free measure preserv- 
ing flow on a SPS {X, B, m) is isomorphic to a flow 
built under a function in the measure theoretic 
sense. The function which implements the isomor- 
phism preserves the measure. This holds also if m 
is a (T-finite measure [54]. 

We shall end our rapid survey of the basics and 
some results of dynamical systems at this point. In 
surveying these mathematical developments, our 
purpose was mainly to develop the required mathe- 
matical vocabulary for the development of the Uni- 
versal Theory of Relativity. We therefore stated 
various definitions and quoted results without any 
proofs. Details of proofs can be found in the refer- 
ences provided. 

However, we also note that the current mathe- 
matical apparatus of the theory of dynamical sys- 
tems will be found to be inadequate to "visualize" 
physical situations. (See later.) Certainly, some 
"new" conceptions will help here. 

B. Physical aspects of the mathematical 
formalism 

In the absence of any relevant motivation, we 
shall not consider higher than four dimensions 
here, ie, we shall consider only three spatial di- 
mensions and one time dimension. Moreover, we 
shall adopt the approach of dynamical systems 
and, hence, will treat time as a parameter of the 
dynamical system. 

Therefore, we assume that the physical world is 
describable using a suitable 3-dimensional (topo- 
logical) space, denoted by S. We shall call & the 
physical sp ace of Universal Relativity 

Next, we will assume that the cardinality of the 
physical space S is c, ie, some suitable continuum 
underlies the physical world . Further, we may ex- 
pect the physical space & to he Standard Borel and 
also to be a Lebesgue measure space. Physical ob- 
jects are then Borel subsets of & with Borel mea- 
sures as their physical properties. 



But, the 3-space cannot be the physical space 
S of Universal Theory of Relativity because New- 
ton's theory, which assumes 'M? to be the underly- 
ing physical space, does not describe the physical 
reality in its totality. 

However, 'E? is a Standard Borel Space and, un- 
der our assumptions, the space & is related to M? 
by a morphism, a continuous map, in the category 
of all standard Borel spaces. 

Next, let us recall that closed and bounded sub- 
sets of are compact. Consider the set /C(R^) 
of all non-empty compact subsets of M.^ . This set 
can be equipped with the Vietoris topology that 
is compatible with the Hausdorff metric 5h . Since 
M? is standard Borel with the usual metric, so is 
(/C(K^), 5h) standard Borel with the topology in- 
duced by the Hausdorff metric. 

The set i^(R^) of all nonempty closed subsets 
of can be equipped with the cr-algebra £'(R'^) 
generated by sets of the form [F £ £{R^) : F(^U 
^0}, where U varies over open sets of M? . We 
then obtain the Effros Borel Space {F{m?), £{m?)) 
of R\ The EflFros Borel Space of M?, being Polish, 
is standard Borel. 

Moreover, consider the base i3(R^) for the usual 
topology of R-"'. Then, the Borel space of ^(R^) 
equipped with the Fell topology, ie, the pair of 
B{9?) and the smallest cr-algebra containing the 
Fell topology of R"^, is exactly the same as the 
Effros Borel Space of R'^ because every compact 
subset of R^ is closed and bounded. 

The physical space, &, is then also related by 
suitable morphism in the category of all standard 
Borel spaces to the Polish space K(R^) equipped 
with the Hausdorff metric Sh- 

Essentially, the physical space 6 of Universal 
Relativity is some standard Borel space in the cat- 
egory of all standard Borel spaces and we can uti- 
lize this fact to our advantage. 

As noted earlier, there exist hierarchies of Borel- 
point classes as well as hierarchies of projective 
sets for a standard Borel space. We are interested 
in these classes and in measures defined on their 
member sets. 

Now, the space S is a Lebesgue Measure Space. 
Measure preserving transformations of the physical 
measure space (S,Se,/x) are therefore natural for 
us to consider. 

Let us call every member of a measurable par- 
tition (mod 0) T of the physical measure sp ace 
(S,Be,A*) as a basic (phy sical ) object. Then, any 
T-set, also a standard Borel set in 6, can be called 
as a compound (phy sical ) object. Classes of mea- 
sures defined on these physical objects, mathemat- 
ically well defined subsets of the space S, are their 
physical properties then. 
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We could then define the distance between phys- 
ical objects as the Hausdorff distance between sets, 
using for this association the standard Borcl char- 
acter of the space &. This is clearly doable in a 
continuous manner using the morphism in the cat- 
egory of all standard Borcl spaces. 

As any physical object moves, its physical move- 
ment is then describable as the action of the trans- 
formation of the space 6 on it. 

But, what distinguishes the physical space 6 of 
Universal Relativity from the other standard Borcl 
spaces in the category of all standard Borel spaces? 
Up to isometrics, a metric uniquely characterizes a 
metric space. Wc therefore look for some property 
which helps us uniquely determine the metric for 
the physical space S. 

Now, according to Einstein's and Dcscartcs's 
conceptions [9] , physical objects are the regions of 
space and vice versa. Then, the physical space it- 
self (and its unique characteristic) must change as 
the physical objects change. 

Then, the unique identify ing characteristic of 
the physical space 6 is provided by the following 
key physical situation: 

• physical matter can be assembled (as well as 
reassembled) in any arbitrary manner at any 
location in the Universe. 

But, this is equivalent to changing continuously 
measurable partitions and Borel measures of the 
physical measure space &. Perhaps [70], for this, 
the space S needs to admit three, linearly indepen- 
dent, homothetic Killing vectors which uniquely 
determine its line element. 

Now, a differentiablc manifold X admits a Rie- 
mannian metric, a type (0, 2) tensor such that for 
all pi,p2 G X, g{pi,p2) is symmetric and positive- 
definite with .g(pi,P2) = if and only if pi = P2- 
A Riemannian pseudo-metric g is also a type (0, 2) 
tensor that is symmcitric and non-degenerate with 
g{p,p) = for all p & X. 

In general, a homothetic Killing vector captures 
the notion of the scale- invariance of a differentiablc 
manifold. A manifold that conforms to some scale- 
invariance is then required to admit an appropriate 
homothetic Killing vector X satisfying 

jCjcQab = gab (1) 

where gat is the metric, >Cx is the Lie derivative 
and $ is an arbitrary constant. 

This is also the broadest, Sophus Lie's, sense of 
the scalc-invariance leading not only to the reduc- 
tion of the partial differential equations to ordinary 
differential equations but leading, simultaneously, 
also to their separation. 



The Killing equation holds also for a Riemannian 
pseudo-metric (Abraham & Marsden, [30], p. 144- 
157). In general, we then demand that the space 
admitting no special symmetries, that is no proper 
Killing vectors, admits three linearly independent 
homothetic Killing vectors. Such a metric, from 
the broadest (Lie) sense, admits three functions 
P{x), Q{y), R{z) of three space variables, conve- 
niently called here, x, y, z, each being a function 
of only one variable. 

Based on the above considerations, we then de- 
mand that the space & admits three independent 
homothetic Killing vectors 

X={f{x),0,0) (2) 
y={0,g{y),0) (3) 
Z = {0,0,h{z)) (4) 

for its line element 

d£'^ = gabdx^dx^ (5) 

Here the vectors X , y and Z satisfy (1) with $3,, 
<^y, $2 as corresponding constants. 

As can be easily checked, the aforementioned de- 
mand, that the continuum 6 admits three linearly 
independent homothetic Killing vectors, leads us, 
uniquely, to a three-dimensional space, 6, admit- 
ting the following line element [18] (after suitable 
redefinitions of constants): 

de = P'^Q^R^dx^ + P^Q^R^dy^ 

+ P^Q^R^dz^ (1) 

where we have P = P{x), Q = Q{y), R = R{z) 
and P' = dP/dx, Q = dQ/dy, R = dR/dz. The 
vanishing of any of these spatial functions is a cur- 
vature singularity, and constancy (over a range) is 
a degeneracy of (1). 

We will restrict to triplets of nowhere-vanishing 
functions P, Q, R and will also not consider any 
degenerate situations for (1). 

Now, with coordinates x, y, z: 

5„6 = diag (^P'^Q^R^,P^Q^R^,P^Q^R^^ 

Then, for some two distinct points (xi, yi, Zi) and 
{x2,y2,Z2) G & and for each of which P' = Q = 
R = Q, the line element dt'^ = gabdx"'dx^ vanishes. 
The gab is then a Riemannian pseudo-metric on 
the space 6. 

Given P, Q, R, consider the equivalence class of 
p G &: g\p] = {x : X & &,g{p,x) ~ 0} and also 
the quotient space &/ g. Let A,B G &/g- Define 
g{A, B) = g{p, q) with p & A and q G B. Then, g 
is a Riemannian metric on On using P,Q,R 

as coordinates on &Xg, we have 

g,t = dmg{Q'R',P'R',P'Q') 
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Since g "lives on" & while g "lives on" &/g^ 
we distinguish them. But, S and &/g are home- 
omorphic being of cardinality c, both. Hence, we 
will, for brevity, write & for &/g. 

If T denotes the metric topology induced by the 
metric g on 6, more precisely on (3 /g, then (S, T) 
is an uncountable Polish space and, hence, of car- 
dinaHty c. We then obtain a Standard Borel Space 
(6, Be) where Be is the smallest cr-algebra of the 
subsets of S containing T. 

We have therefore a unique characterization of 
the space S as a Standard Borel Space underlying 
Universal Relativity. 

Now, consider a subset of the space 6 such that 
the derivatives P' , Q, R occurring in the pseudo- 
metric gab are of "one fixed" sign for all of its 
points. We could then choose P,Q,R as coordi- 
nates within such a subset and could, then, write 

ff„6 = diag(Q2i?2,p2^2 p2Q2) 

Hence, there are certain subsets of &, to be 
called as the P-sets, on which the "restriction" of 
the function gat is a function gab, ie, gab = gab\P- 
A P-set of {&,g) is never a singleton subset of & 
when the functions P,Q,R are as chosen. The P- 
sets are open sets of the Polish topology T of 6. 
Note also that every open set of (6,T) is not a 
P-set of {&,g). For example, a proper subset of a 
P-set of (6,.g) will not be a P-set of {&,g) but it 
can be an open set of (6, T). 

By construction, any two distinct P-sets, Pi and 
Pj, i,j G N, i ^ j, are pairwise disjoint subsets 
of 6. Consequently, for a specific pseudo-metric 
gab, the collection of all the P-sets provides us a 
partition of the space &. Furthermore, each P- 
set is, in own right, an uncountable Polish space 
with gab = gab\P metric compatible with its 
(induced) Polish topology. 

Being members of the Borel cr-algebra Sg of the 
space &, the P-sets arc (Borel) measurable and, 
for specific (jab, the collection of all the P-sets is 
a measurable (mod 0) partition of the space 6. 
Hence, (Lebesgue) measures and signed measures 
on & are natural for us to consider. 

Therefore, to every class of (Lebesgue) measures 
on such P-scts we can associate an appropriate 
physical property of a material body. A material 
body is always an extended body, since a P-set can- 
not be a singleton subset of 6. 

The integration of measures on P-sets is always 
a well-defined one, now for obvious mathematical 
reasons. A chosen measure can be integrated over 
a P-set and an average value of the measure always 
obtainable. This average value of measure provides 
then an "averaged quantity" characteristic of a P- 
set. Evidently, this "average" is a property of the 
entire P-set under consideration and, therefore, of 
every point of that P-set. 



A point of the P-set is then thinkable as hav- 
ing these averaged properties of the P-set and, in 
this precise non-singular sense, is thinkable as a 
(newtonian) point-particle possessing those aver- 
aged properties. In this non-singular sense, points 
of the space 6 become point particles. 

In essence, we have, in a non-singular manner, 
then "recovered" the (newtonian) notion of a point 
particle from that of our notion of a field - the 
underlying continuum &. 

Further, the "location" of this point-particle will 
be indeterminate over the size of that P-set be- 
cause the averaged property is also the property 
of every point of the set under consideration. The 
individuality of a point particle is then that of the 
corresponding P-set. 

Now, for a specific pscudo- metric jjab, corre- 
sponding collection T of all P-scts forms a mea- 
surable (mod 0) partition of the space 6. Recall- 
ing our earlier terminology, a P-set is then a basic 
(physical) object. Standard Borel Sets in Be which 
are the unions of the members of the measurable 
(mod 0) partition T, now the P-sets, are then the 
compound (physical) objects. 

Measures can also be integrated over compound 
(physical) objects and a point of & in the object is 
then also thinkable as a (newtonian) point particle 
with these physical properties. Location of such a 
point particle is then indeterminate over the size 
of that object. 

Then, the points of the underlying space & can 
also be attributed (physical) properties averaged 
over the size of an object. Hence, we can also rep- 
resent an object under consideration as a (newto- 
nian) point particle. 

Therefore, we have the required characteristics 
of Descartes's and Einstein's conceptions incorpo- 
rated in the present formalism. Clearly, we have 
then the non-singular notion of a point particle 
as well as that of replacing any extended phys- 
ical body by such a non-singular point particle. 
Furthermore, physical bodies are also represented 
as non-singular regions of the space &. Thence, 
the union of the space and the physical objects is 
clearly perceptible here. 

Since {&,Be) is a standard Borel space, any 
measurable, one-one map of S onto itself is a 
Borel automorphism. Therefore, the Borel auto- 
morphisms of {&,Be), forming a group, are nat- 
ural for us to consider here. The Borel automor- 
phisms of an uncountable Polish space have been 
the subject of a recent study [36] . 

As any Borel automorphism of the underlying 
space S maps a chosen P-sct or a T-sct to another, 
the integrated properties may change and. conse- 
quently, the (initial) characteristics of particle of 
that P-set/T-set may change. 
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[In this case, it is possible to adopt two views. 
In the first one, the active point of view, we imag- 
ine that a chosen P-sct or an T-sct itself changes 
under the action of the Borel transformation of & 
and "track" these changes. In the second, the pas- 
sive point of view, wc imagine that the action of 
the Borel transformation of & only maps a given 
(measurable) set onto (measurable) another and 
track the changes in measures. 

We note that the standard methods of the the- 
ories of measures as well as dynamical systems 
adopt the passive point of view and, it seems that 
the active point of view is more closer to the physi- 
cist's ways of thinking [71].] 

Now, the Hausdorjf metric provides the distance 
separating P-sets and also the distance separating 
T-sets. This distance betwcc^n scrts will, hence- 
forth, be called the physical distance between P- 
sets or T-sets (extended physical bodies) because 
"measurement in the physical sense" can be ex- 
pected to yield only this quantity as distance sep- 
arating physical objects. 

Measure-preserving Borel automorphisms of the 
space & then "transform" a given set maintaining 
its characteristic classes of (Lebesgue) measures, 
that is, its physical properties. 

Non-measure-preserving Borel automorphisms 
change the characteristic classes of Lebesgue mea- 
sures (physical properties) of a set while "trans- 
forming" it. Evidently, such considerations also 
apply to even T-sets. 

At this point, we note that a general automor- 
phism of the space 6 has two parts: one measure- 
preserving and one non measure-preserving. This 
decomposition is maintained (mod 0). Hence, only 
the measure-preserving transformations are stud- 
ied in the theory of dynamical systems. 

Then, a periodic Borel automorphism or peri- 
odic component of Borel automorphism [32] of 6 
will lead to an oscillatory motion of a set while 
preserving or not preserving its measures. 

Therefore, a basic or compound (physical) ob- 
ject undergoing periodic motion is a physical clock 
in the present framework. Such an object under- 
going oscillatory motion then "displays" the time- 
parameter of the corresponding (periodic) Borel 
automorphism since the period of the motion of 
such an object is precisely the period of the corre- 
sponding Borel automorphism. 

Then, within the present formalism, a measuring 
clock is therefore any T-set or an object undergo- 
ing periodic motion. An T-set or an object can 
also be used as a measuring rod. 

Therefore, in the present theoretical framework, 
measuring apparatuses, measuring rods and mea- 
suring clocks, are on par with every other thing 
that the formalism intends to treat. 



A Borel automorphism of {&,Be) may change 
the physical distance resulting into "relative mo- 
tion" of objects. We also note here that the sets 
invariant under the specific Borel automorphism 
are characteristic of that automorphism. Hence, 
such sets will then have their "relative" distance 
"fixed" under that Borel automorphism and will 
be stationary relative to each other. 

Now, in a precise sense, it follows that the posi- 
tion of the point-particle (of averaged characteris- 
tics of its associated T-set) is "determinable" more 
and more accurately as the size of that T-set gets 
smaller and smaller. But, complete localization of 
a point particle is not permissible here since an T- 
set is never a singleton subset of &. The location of 
the point particle is then always "indeterminate" 
to the extent of the size of its T-set. Clearly, this 
is an intrinsic indeterminacy that cannot be over- 
come in any manner. 

Furthermore, a Borel automorphism of the space 
& results in a "relative motion" of T-sets and, 
hence, of associated particles. 

Clearly, therefore, a joint manifestation of Borel 
automorphisms of the space {&,B(3) and the in- 
trinsic indeterminacy in the location of a point par- 
ticle, of averaged measures on an T-set, is a can- 
didate reason behind Heisenberg's indeterminacy 
relations in Universal Relativity. 

This is in complete contrast to their probabilistic 
origin as advocated by the standard formalism of 
the quantum theory. 

Notice now that, in the present considerations, 
we began with none of the fundamental considera- 
tions of the concept of a quantum. But, one of the 
basic characteristics of the conception of a quan- 
tum, Heisenberg's indeterminacy relation, emerged 
out of the present formalism. 

Furthermore, in the present framework, we have 
also done away with the "singular nature" of the 
particles and, hence, also with the unsatisfactory 
dualism of the field (space) and the source particle. 
We also have, simultaneously, well-defined laws of 
motion (Borel automorphisms) for the field (space) 
and also for the well-defined conception of a point 
particle (of averaged measure characteristics of an 
basic or compound object). Then, the present for- 
malism is a com,plete field theory. 

[At this point, we then also note that the Borel 
automorphisms of & need not be differentiable 
or, for that matter, even continuous. Therefore, 
the present considerations also use, for the most 
fundamental formalism of physics, a mathemati- 
cal structure different than that of the partial dif- 
ferential equations. However, the question of the 
physical significance of non-differentiable and non- 
continuous Borel automorphisms of S is a subject 
of independent detailed study.] 
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Now, any act of measurement is conceivable here 
only as a Borel automorphism of the space 6. 
Then, the mcasurability of any characteristic of 
a point particle as defined in the present frame- 
work is dependent on the "Borel automorphism" 
to be used. But, from active point of view, that 
Borel automorphism may change the very basic or 
compound object of measurement. 

[This above situation could as well be an ad- 
ditional "reason" behind some indeterminacy rela- 
tions. The demonstration of the proposed origin(s) 
of indeterminacy relations will be the subject of an 
independent study.] 

The "determined or observed" characteristic of 
a particle is a different conception here than its 
intrinsic characteristics. The former notion clearly 
depends on the Borel automorphism to be used 
for the measurement. For example, the "observed 
velocity or momentum" of a particle is a concep- 
tion dependent on the notion of the physical dis- 
tance changing under the action of a Borel auto- 
morphism of 6. Clearly, the coordination of the 
underlying continuum & has nothing whatsoever 
to do with the mcasurability here. 

Importantly, dynamical systems on space 6 fol- 
low the "strict determinism" in that the space co- 
ordinates map uniquely under the action of a Borel 
automorphism of the space &. 

However, this is not the same "causality" as that 
of the newtonian physical formulation. 

The strict causality of newtonian conceptions 
implies that given precise position and velocity of 
a particle at a given moment and the total force 
acting on it, we can predict the precise position 
and velocity of that particle at any later moment 
using appropriate laws. 

In the present context, strict newtonian causal- 
ity would have demanded that the position and the 
velocity of a point-particle (definable in the present 
formalism as a point of the T-set with associated 
averaged measures) be exactly determinable. This 
is of course not the situation for dynamical systems 
on the space &. 

But, reality independent of any act of observa- 
tion, is then ascribable to the phenomena as well 
as to the agencies of observation in this formalism. 
Since physical objects arc the regions of the space 
and vice versa, the "existence" of the T-sets of 
the space & is the "existence" of physical objects. 
This "existence" of physical bodies is, obviously, 
independent of any act of observation. 

Moreover, as we have seen earlier, the role of 
an observer in the proposed Universal Theory of 
Relativity is very similar to that of an observer in 
Newton's theory. This should not be construed in 
any manner as an "accidental" situation. This is 
for the following reasons. 



The proposed Universal Theory of Relativity 
generalizes only the notion of force in Newton's 
theory to that of transformations of an appropri- 
ate standard Borel space & and "derives" an ap- 
propriate concept of (newtonian) particle from the 
structure of this space. 

The Borel automorphism of the space & is, ob- 
viously, the cause behind an "observable effect" on 
the T-set or, cqruvalcntly. a physical object. Con- 
sequently, to associate a definite cause to a definite 
effect has an appropriate sense in the present for- 
malism and this "sense" is independent of an ob- 
server. Any intervention by any, conscious or not, 
observer is therefore not needed to "interpret" the 
results of observations. Newton's theory also had 
the same role for an observer. It is a passive role 
for an observer. 

Objective reality of physical phenomena, that 
the physical phenomena are independent of the act 
of observation by an observer, is then the under- 
lying philosophical or conceptual basis of the Uni- 
versal Theory of Relativity. That the objective re- 
ality of physical phenomena can be established in a 
mathematically and physically consistent manner 
should now be evident. 

In summary, the proposed generalization of the 
newtonian concept of force by that of a transforma- 
tion of the Standard Borel Space & has the "gen- 
uine potential" to provide us a physical theory of 
everything. This generalization provides us, essen- 
tially, a field theory that also contains a natural 
non-singular notion of the (newtonian) particle to 
represent physical bodies. 

Moreover, measuring instruments and physical 
objects are then treatable at par with each other 
as a result of this generalization. This generaliza- 
tion is also in complete conformity with the general 
principle of relativity. 

A fundamental implication of the quantum con- 
ception is that of indeterminacy, Hcisenbcrg's in- 
determinacy. The proposed generalization of the 
concept of force leads us to a mathematical frame- 
work that explains indeterminacy as arising out of 
an intrinsic fuzziness of the concept of a particle 
vis-a-vis the field. 

The present formalism, of the dynamical systems 
of the underlying continuum &, is then, already, a 
unification of the ideas of the quantum theory and 
the general principle of relativity. 

Surely, many details need to be worked out be- 
fore we can test the proposed Universal Relativ- 
ity. However, some general observations regard- 
ing experimental tests can also be reached at the 
present stage of our theoretical developments. It 
is to such general experimentally important obser- 
vations that we now turn to. 
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III. EXPERIMENTAL IMPLICATIONS 

The proposed Universal Relativity rests on the 
replacement of the newtonian concept of force at a 
fundamental level with its "natural" generalization 
- a transformation (Borel automorphism) of the 
underlying continuum (the space &). It should, 
of course, be clear now that this replacement is 
that of the "total force" and not of its different, 
individual, components. 

Another issue of special relevance to physical 
considerations is that of the physical construction 
of reference frames. 

Then, in "fixing" a physical reference frame, we 
arc restricting our attention to some specific T-set 
of the space & and could be considering that it is 
unchanging. Then, a subgroup of the full group of 
Borel automorphisms of 6 keeping that reference 
frame always invariant is natural for us to consider. 
We could then be dealing with the quotient of the 
space 6 by the reference frame. 

However, there certainly exist Borel automor- 
phisms of 6 which affect the chosen T-set. These 
Borel automorphisms of this last type are precisely 
those which affect the physical construction of the 
chosen reference frame. 

Now, any member automorphism of the afore- 
mentioned subgroup could have other invariant 
sets in addition to the T-set of the reference frame. 
All these invariant sets of an automorphism have 
their Hausdorff distance "fixed" and, hence, are 
stationary relative to each other. By our physical 
association, these invariant sets of the space 6 are 
the, basic or compound, physical objects which are 
at "rest" relative to each other. 

Considerations of such type lead us, evidently, 
to a description of the physical construction of a 
reference frame in its totality and to a description 
of motion of other objects relative to it. 

For example, consider a point-object and its as- 
sociated T-set. Let a Borel automorphism of the 
underlying standard Borel space & be such that it 
is measure preserving and (its action) leading to a 
change in the Hausdorff distance of the point ob- 
ject from that of a reference set (set A) which we 
take to be an invariant set of that automorphism. 
Also, let there be another set (set invariant un- 
der the same automorphism, with respect to which 
the Hausdorff distance to the chosen point-object 
is unchanging. (Sec Figure 1.) 

Physically, this above situation could, as an ex- 
ample, represent "revolution" of the chosen point- 
object around the set B that is at rest relative to 
the reference set A. 

The Borel automorphism in question describes 
the "complete" trajectory of the point object in 



FIG. 1: Circular Motion 



this situation and, hence, "encodes" the entire in- 
formation about all the forces that are needed to 
determine the trajectory of the same point object 
in theories using the notion of force. 

[Because we limit ourselves here to only a gen- 
eral discussion of physical issues arising in univer- 
sal relativity, we shall not explicitly display the 
Borel automorphism corresponding to the motion 
described above. However, from the group prop- 
erties of the automorphisms of the standard Borel 
space, it is easy to see that such an automorphism 
indeed exists.] 

Clearly, this above is a consequence of the fact 
that the universal relativity has only the law of 
motion, the Borel automorphism of the space &, 
that is also the "cause" of motion in it. 

Hence, as a result of the above, if some observa- 
tion is explainable in any theory using the concept 
of force then, the same is explained in Universal 
Relativity by treating the involved total force(s) 
as corresponding transformation(s). In this way. 
Universal Theory of Relativity incorporates theo- 
ries that use the concept of force. 

Essentially, a point object is a well-defined, non- 
singular, notion in the mathematical framework of 
Universal Relativity. If certain observation related 
to a physical body is "explainable" by represent- 
ing the involved material body as a point particle 
whose motion is describable by assuming a total 
force (equivalently, potential field) then, in univer- 
sal relativity, the same "total force" is a Borel au- 
tomorphism of the space & acting on the the T-set 
of the imagined point particle. 

Of course, we can adopt this above procedure of 
"realizing" a Borel automorphism of space & for 
only the cases which are "explainable" by theories 
using the concept of force. This then also means 
that there will be situations in Universal Relativity 
which will not be explainable by theories using the 
concept of force. 
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FIG. 2: Torsion Balance 

As a consequence of the above, experimental sit- 
uations can arise for which Universal Relativity 
can be tested in the laboratory. 

Experimental tests of the Universal Theory of 
Relativity will then have to be developed keeping 
in mind this above. Specifically, we should then 
look for or devise experimental situations for which 
no "natural" explanations are offered by theories 
using the concept of force [72] . 

One such possibility is provided by the torsion 
balance experiment that has been the basis of 
many important experimental results related to 
gravity [55]. Therefore, as an example of the sit- 
uations that can arise in Universal Relativity, we 
discuss below the "explanations" for the outcomes 
of the torsion balance experiment. 



The Torsion Balance Test 

Consider a torsion balance consisting of a thin 
wire, hanging from one end at the roof, to which 
a dumbbell is hanging from its exact middle at 
the other end of the wire. Let the masses of the 
dumbbell be mi and TO2, mi =m2 = m. 

Next, consider "external" masses m^ and m^, 
ma = 7714 — M , attached to the ground, 7713 placed 
on one side and 7714 on another side of the dumb- 
bell, with common center at the wire. 

As per Newton's theory, there arc two possible 
situations in which no torque acts on the dumb- 
bell of this assembly. The two such arrangements 
of the masses are: 1] the external masses and the 
dumbbell masses in one line and 2] line of the ex- 
ternal masses being perpendicular to the dumbbell. 
Then let the dumbbell be in its natural equilibrium 
position in one of these states. 

In Newton's theory, "gravitational forces" are 
supposed to act between the "external" masses 
and the masses of the dumbbell, and these forces 



"cause" the balance to "torque" when the "exter- 
nal masses" are shifted, say, from the situation 1] 
to the situation 2] . This holds irrespective of other 
"couplings" of the masses, but these couplings can 
nullify the "gravitational" torque. Therefore, we 
then require and arrange that these other possible 
couplings have been suitably eliminated or mini- 
mized to adequate levels from the torsion balance 
assembly of the above type. 

Consequently, in Newton's theory, the balance 
will always be set into "oscillations" when the po- 
sitions of the external masses are alternated be- 
tween situations 1] and 2] above, say, by rotating 
the external masses m-^ and m^, about the common 
center with the dumbbell. 

In Universal Relativity, the balance setting into 
oscillations is "explainable" by treating the in- 
volved newtonian forces as corresponding transfor- 
mations acting on the space 6. 

But, as per Universal Relativity, we also have a 
transformation of the "external masses" from the 
situation 1] to the situation 2] without the balance 
ever getting torqued or set into oscillations. Uni- 
versal Theory of Relativity therefore also predicts 
that a "null outcome" is permissible for the exper- 
iment of the above type. 

Let us imagine a spherical shell whose outer sur- 
face is as "frictionless" as permissible. The tor- 
sion balance is situated "inside" the spherical shell 
while the "external masses" are sitiiated outside 
the spherical shell. [The reason why spherical shell 
is mentioned here is, evidently, due to its being an 
"invariant" of the rotation map.] 

Then, the motion of external masses can be such 
as to not affect the interior of the spherical shell 
and, hence, not affecting the state of the torsion 
balance located inside it. 

To see this above, let us first note that the tor- 
sion balance is a compound object, to be referred 
to as object 1, in the sense described earlier. The 
external masses, together, are to be considered also 
a compound object, object 2. 

In our aforementioned experiment, we consider 
that the "assembly" of the torsion balance and the 
external masses is in one of the two "no torque 
states" above at the beginning of the experiment. 
Let Ti be the (initial) transformation acting on the 
assembly of object 1 and object 2, above, ie, let the 
assembly be acted upon by an initial Borel auto- 
morphism Ti of the space &. The nature of the 
initial Borel automorphism, although quite com- 
plicated, may be left unspecified in our present 
considerations. 

Let Tr be the transformation of the rotational 
motion of only the external masses and leaving the 
torsion balance unaffected or the corresponding T- 
sets invariant. That is, the map T^. acts on only 
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the "external masses or world" to produce their 
rotational motion. 

The transformation acting on the assembly is 
then the mathematical composition Tr o Ti and 
its action is such that only the external masses or 
world external to balance revolve around the tor- 
sion balance with the T-set of balance being an 
invariant set of the composition o . 

Clearly, such a transformation is possible when 
the external masses are sufficiently away from the 
dumbbell masses so that the effects of rotational 
motion of the external masses take time to "prop- 
agate" to the dumbbell masses or when the dumb- 
bell is well-shielded from all possible effects of the 
rotational motion of external masses. Universal 
Theory of Relativity then "guarantees" that the 
torsion balance will not be torqued by the motion 
of the external masses in the experimental situa- 
tion imagined above. 

Evidently, no "explicit calculations" using trans- 
formations Ti and Tr are needed to reach this 
conclusion. Universal Relativity always predicts 
a "complete null effect" in this situation. 

If, for the same experiment, we make the ex- 
ternal masses move not along a circle but along 
an elliptical orbit, there is to be no change in the 
conclusion of Universal Relativity which predicts 
a com.plete null effect even in this latter situa- 
tion. Highly eccentric elliptic orbit for external 
masses would imply "enhancement" of the ncw- 
tonian non-null effect. An elliptical orbit for the 
external masses could then be preferred over the 
circular orbit for obvious reasons. 

Then, in certain situations, the effect on torsion 
balance is expected in Universal Relativity to be 
"total null" if shielding of the balance is proper. 
Then, if the external masses "rotate" around the 
dumbbell masses sufficiently slowly, say, one revo- 
lution in few minutes, and if we run the experiment 
for a couple of weeks or months, so as to obtain 
good statistic, we can test the Universal Theory of 
Relativity. Of course, this test can only be con- 
sidered successful if the "null result" is observed. 
Else, in universal relativity, we shall be forced to 
conclude that the "isolation" of the torsion balance 
is not achieved. 

Thus, if a torsion-balance experiment is suffi- 
ciently carefully performed in the aforementioned 
manner, we should be able to verify the possible 
"null effect" prediction of the Universal Theory of 
Relativity against that of the "certainly non-null 
effect" of Newton's theory. 

We then note that certain, extremely high pre- 
cision, torsion balance experiments are in use [73] . 
Any of these torsion balance assemblies can then 
be employed to verify the "null effect" predicted 
by the Universal Theory of Relativity. 



IV. CONCLUDING REMARKS 

Arthur Schopenhauer: 

^ All truth passes through three stages: First, 
it is ridiculed. Second, it is vehemently opposed. 
Third, it is accepted as being self-evident, ift 

Over the centuries, some fundamental concepts 
that led Newton to his theory acquired the status 
of being self-evident. Specifically, Newton's con- 
cept of force is embedded so deep into our think- 
ing that we treat it as a self-evident concept. No 
doubt, force is a very useful concept. But, while 
adopting this concept, we are certainly required to 
attribute to physical matter source properties that 
generate the forces in question. 

However, we then choose to ignore one funda- 
mental limitation of this conception that the source 
properties so attributed to pliysic;al matter cannot 
find any explanations with the theory that uses the 
(newtonian) concept of force. 

Developments in Physics that took place over 
the times since Newton formulated his mechanics 
were, explicitly or implicitly, based on the concept 
of force, developments in Quantum Theory not be- 
ing any exceptional. 

[The concept of potential energy is a "byprod- 
uct" of the newtonian concept of force. From the 
very beginning, quantum theory "assumed" this 
conception of potential energy to formulate its var- 
ious (Heiscnbcrg) operators.] 

Except, perhaps, for Hertz's attempt [16] [p. 31] 
when he felt the need to replace the concept of 
potential energy by some suitable other, no one 
attempted to generalize the concept of force; such 
strong and gripping had been the influence of New- 
ton's thinking on the physicists. 

In his attempts to incorporate the phenomenon 
of gravitation within the overall framework of the 
theory of relativity, Einstein reached the equiva- 
lence principle and, for the first time, replaced the 
concept of force by that of the "curvature" of the 
spacetime geometry. 

Although Einstein replaced the concept of gravi- 
tational force by that of the curvature of spacetime 
geometry, his formulation of general theory of rel- 
ativity did not live up to his intentions. The same 
conception did not work for other forces of Nature, 
eg, for Coulomb's force. Consequently, Einstein's 
mathematical formulation of a theory (of gravita- 
tion) based on the principle of general relativity is 
logically completely inappropriate. 

Einstein had "realized" such problems with his 
formulation of general relativity. That is perhaps 
why he dubbed his equations of general relativity 
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as "preliminary" equations. This obvious "failure" 
led him to his numerous attempts at the Unified 
Field Theory. Even these attempts failed. 

Many others following the methods of Quantum 
Theory systematically developed theoretical foun- 
dations for the successful description of the micro- 
physical world. For this purpose, definite but ad- 
hoc rules of obtaining the ^P-function wore first 
adopted and the predictions checked by ingenious 
experimentations. 

However, Einstein had, in his ways, also real- 
ized that these developments in quantum theory 
too were not entirely satisfactory from the perspec- 
tive of some fundamental physical issues. He had, 
time and again, warned [15, 16] us against the pit- 
falls of the conceptions behind these theories - his 
own formulation of general relativity as well as the 
(probabilistic) quantum theory. 

Here, we systematically built on Einstein's afore- 
mentioned intuition and replaced the newtonian 
concept of force with its natural generalization as 
a transformation of the underlying continuum. In 
doing so, we were led to a natural unification of 
the ideas of the quantum theory and those of the 
general principle of relativity. 

The formalism we developed satisfies one of the 
foremost of the requirements of a genuinely univer- 
sal theory of physics: that the constants of physics 



"arise" in it through mutual relationships of phys- 
ical objects and their values cannot be changed 
without essentially destroying the underlying the- 
oretical framework. It is also the Universal Theory 
of Relativity that is in complete agreement with 
the general principle of relativity. 

In the last section, §111, we discussed an ex- 
perimental test, the torsion balance test, of the 
proposed Universal Relativity. In accordance with 
the scientific methodology, it would then be worth- 
while to let this and such tests decide whether the 
proposed generalization of the newtonian concept 
of force is really what is appropriate one to describe 
the workings of the physical world. 
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deeper attention to these issues. However, he be- 
lieves them to be interesting and certainly worthy 
of investigation. 

[72] In this context, we also note the so-called Pioneer 
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present moment, it cannot be concluded with cer- 
tainty that conventional efi^ects do not cause the 
anomaly and now explanations arc required. See, 
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